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ABSTRACT 
Several aspects of the helium-burning evolution of l ow mass stars 
have been studied . In particular, the possible production of stars of 
peculiar surface abundance by convective mixing due to thermal instabilit-
ies in the helium-burning shell and the e volutionary status of Population 
II Cepheids have been examined. 
Several grids of post-horizon tal-branc h evolutionary tracks have 
been constructed assuming either a range in total mass or a range in 
initial core mass on the zero-age horizontal branch. These are used, both 
to study the evolutionary status of Population II Cepheids and , by a 
comparison of the observed properties of these stars with the predictions 
of theory, to investigate the nature of the horizontal bran c h . The less 
luminous Population II Cepheids (BL Her stars) are identified with stars 
of small envelope mass undergoing "blue ward noses" from the asymptotic -
giant branch. These movements are due to readjusbnents between the 
hydrogen and helium-burning shell luminosities following the exhaustion 
of helium in the core . The more luminous Cepheids (W vir stars) are 
identified with stars undergoing blueward loops from the second giant 
branch in response to helium shell flashes or finally e volving to the blue 
as the hydrogen-burning shell nears the stellar surface . The models 
predict r e latively too few variable s spread o ver too large a range in 
luminosity in the brighter group. Mass loss on the second g~ant branch 
is suggested to help resolve this problem . The assumption o f a range in 
total ma ss on the zero-age horizontal branch produces a slight l y better 
fit to the observed luminosity distribution of Population II Cepheids 
than does th assumption of a range in initial core mass . 
The evolution of a double-sheIl-source 0.6 M Population II star 
C!I 
has been followed in detail through the asymptot i c -branch p hase into the 
I. 
region of the H-R diagram occupied by the nuclei of planetary nebula . No 
attempt has been made to suppress helium shell flashes . During the total 
of 14 relaxation oscil lation cycles encountered, no convective mixing 
took place between the helium shell and the hydrogen-rich layers. A small 
amount of the products of hydrogen burning was mixed to the surface by 
an extensive convective zone that developed shortly after major fl ash 
peaks. Toward the end of the asymptotic-branch evolution the star spent 
a considerable time in the region of the H-R diagram occupied by RV Tauri -
type stars in globular clusters . 
A 2 M0 Population I star was evolved from the core helium-burning 
phase to the ninth strong helium shell flash. The intershell convective 
zone did not reach the hydrogen-containing layers, and thus no neutron 
production by the 13 C (a ,n) 16 0 reaction was possible. Mixing is unlikely 
to occur during later relaxation cycles. The temperatures are t oo low 
for neutron production by the 22 Ne (a , n ) 25 Mg reaction in the inte rshell 
convective zone. The convective envelope fails by a wide margin to 
reach regions containing processed material . 
These results indicate that there are difficulties with the 
suggestion that helium shell flashes explain the existence of low-mass 
stars having unusual surface abundances. 
The thermal and pulsational stability of a 0 .7 M pre-white dwarf 
o 
helium shel l-burning star has been examined. The peak nuclear burning 
during a thermal pulse produces pulsational instability, but the 2-folding 
time is comparable with the duration of the instability. Such a model 
fails to explain the properties of novae . Nuclear driven pulsat ional 
instability arising due to a shell flash will not cause the ejection of 
planetary nebulae , although s hell flashes may indirectly trigger the ejec-
tion of planetary nebulae. 
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CHAPTER 1 
GENERAL INTRODUCTION 
This thesis describes numerical studies of several aspe c ts of the 
helium-burning evolution of l ow mass stars . Altho ugh sub ject to some 
quite serious uncertainties (Rood 1973; Demarque 1973) , our general under-
standing of the evolution of stars of < 2 M burning helium in a convec-
- 0 
tive core and hydrogen in a surrounding shell is now fairl y se cur~ as is 
their identification with horizontal - branch stars in g l obular c lusters 
(Faulkner 1966) and " cl ump" stars in open cluster s (Faulkner 1966; 
Cannon 1970; Faulkner and Cannon 1973). A recent review of t his work has 
been given by Iben (1974). 
Following the exhaustion of helium at the centre, such stars 
deve lop an inert degenerate carbon - oxygen cor e surrounded by a he lium- burn-
ing shell , an inert r eg i o n composed mainly of pure helium and (if a 
hydrogen ri~h enve lope is present) a hydrogen -burning shell and an e xten-
sive conve ctive envelope . 
An interesting property of helium-shell burning stars was dis-
covered by Schwarzschild and Harm (1965) . When the helium-burning shell 
narrows sufficiently it becomes thermally unstable (Ledoux 19 58) leading 
to a series of rapid adjustments to the star ' s internal structure. Most 
of the overall burning of helium takes place in a convective zone that is 
found to deve lop during these shell flashes. These instabili ties domin -
ate considerations of the subsequent evolution and raise some e xc iting 
possibilities. 
It has bee n suggested that the following c lasses of stars may b e 
identified with helium-shell burning stars . 
(a) Cool r d gian stars with unu s ual surface abundances suc h as 
I 
Ba , S , C , R, Nand CH stars (Sanders 1967; Uus 1972; Scalo and Ulrich 
1973; Sackmann et al . 1974; Hartwick and Hesser 1973) and stars with 
enhanced 7Li abundance (Cameron and Fowler 1971) . 
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(b) Population II Cepheids (Schwarzschild and Harm 1970; Menge l 1972, 
1973; Strom et al . 1970) and long period red variables (Keeley 1970a , b ; 
Wood 1974). 
(c) Asyrnptotic-giant-branch stars in globular clusters (including 
red giants of luminosity greater than that thought to be reached by 
single (hydrogen) shell burning stars (Eggleton 1968; Iben 1968 ; Rood 
1972; Demarque and Mengel 1973). 
(d) Blue stars above the horizontal branch such as "supra -horizon tal -
branch" stars (Strom et a l. 1970) and the UV-bright stars (Zinn e t al. 
1972; Zinn 1974; Norris 1974) . 
(e) The precursors of planetary nebulae (Rose and Smith 1970 , 1972; 
Smith and Rose 1972; Scott 1973; Wood 1974; Kutter and Sparks 1974) and 
planetary nebula nuclei (Divine 1965; L ' Ecuyer 1966; Rose 1 9 66 , 1967; 
Faulkner 1968; Vila 1970; Kutter 1971; Pacynski 1971; Shaviv and Vidal 
1972; Dinger 197 2 ; Faulkner and vlood 1972; Wood and Faulkner 1973; 
Joss e t al . 1973; Katz e t al . 1974). 
(f) Novae and rapid blue variables (Rose 1967 , 1968). 
Some of these points will be more fully discusse d in the following 
sections as well as in the Introductions to each of the chap ters of the 
thesis . 
I . EVOLVED STARS WITH UNUSUAL SURFACE ABUNDAN CES 
Quite large number of luminous late - type s tars of the old disc 
nd halo popul tions exhibit peculiar spec tra that indicate c arbon to 
oxygen ratios , C/ O > 1 and/or overabundances of 13 C , ' Li and " ' -process " 
' \ 
I I 
3 
elements (including Sa , La , Y, Zr , Sr and short lived isotopes such as 
99 Tc ) . Similar unusual surface abundances have been found by Strom et a~ . 
(1970) in some of the UV - bright stars (Zinn et a~ . 1972) in g lobular 
clusters. It seems likely that these peculiar abundances re sult from 
the mixing to the surface of material processed deep in the s tar . Two 
perhaps related processes are involved; the nuclear production of the 
heavy elements and the mixing t o the surface of such elements. 
Nuc~ear Processes Like~y to be Invo~ved 
A review of most of the relevant nuclear processes is given by 
Truran (1973). Two fundamental problems are decreasing the 12 C/ 13 C ratio 
and increasing C/O to be greater than unity. The operation o f the CN 
cycle (Caughlan 1965; Clayton 1968) can lead to small 12C/1 3C ratios at 
the hydrogen-burning shell. Depending on the burning temperature, the C/O 
ratio may be increased when the CNO bi-cycle is in equilibrium. In full 
equilibrium both 12C and 160 are nearly all burnt to 14 N. Significant 
14N enhancements have been observed in giants (Sneden 1974) and in con-
junction with C/O > 1 (Sell and Dickens 1974). 
Alternatively it is possible to increase C/O via incomplete helium-
burning in a shell (Truran 1973). Although the final major product of 
core helium-burning is not known because of the uncerta inty in the 
12C (a , y ) 160 reac tion rate , when helium is mainly burnt in a convective 
shell (as happens during shell flashes), Y is kept quite high, and hence 
12C will be the major product. 
High 7Li abundances can be achieved by the mechanism described by 
Cameron (1955) and Cameron and Fowler (1971) involving the 3He (a , y ) 7se and 
7Se (e- , v ) 7Li reactions. The me c hanism relies on the intermediate product , 
7se , being rapidly transported to regions where the temperature is suffic-
iently low to prevent the depletion of 7se through proton captures and to 
preserve any 7Li produced . 
.-----
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The production of heavy elements suc h as Ba, Sr etc. by the slow 
addition of neutrons (as c ompared with the rele vant S- decay timescales) 
to 56 Fe and heavier nuclei, referred to as the s - process , is thought to 
be the source of these elements in nature and responsible for their 
e nhanc ement observed in the atmospheres of pec uliar red giants (Came r on 
1954, 1955; Burbidge et al . 1957). 
Several nuclear reaction sequences have been suggested as the 
source of the necessary neutrons (Reeves 1968). These include the chain 
12C (p , y ) 13 N (S+V) 13 C (a , n) 160 which requires the mixing of a limited number 
of protons into helium-burning regions and temperatures of _108 oK for 
the a capture on 1 3C . Another possibility is the 22 Ne (a , n) 25 Mg reaction. 
The 22 Ne may be produced by the I"N( a , y ) 18F (S+V) 180 (a , y ) 2 2Ne chain which 
consumes the major product of the equilibrium CNO bi - cycle and removes a 
serious neutron poison , I"N (Reeves 1966). Somewhat higher temperatures 
(_ 2xl0 8 oK) are required for the final a capture on 22 Ne. Other 
possibilities requiring still higher temperatures are 18 0 (a ,n) 2 1Ne and 
2 1Ne (a ,n) 2 "Mg . Recently Rolfs and Rodney (1974) have shown that the 
17 0 (p, a ) I"N reaction may be slower than previously thought , enabling the 
CNO cyc l e to become a tri-cycle. Dearborn and Schramm (1974) have 
suggested that increased 170 remaining after CNO tri - cycling (Dearborn 
1975) could lead to significant neutron produc tion through 170 (a ,n) 20 Ne . 
Quite a different neutron source has recently been suggested (Harrison 
and Edwards 1974; Edwards and Harri son 1974) involving (Y,n) reactions on 
nuclei involved in hydrogen burning. 
Oppor tunitie f or Neutron Production Dur i ng Stellar Evclution 
and of Mixi ng Froce ed Mater ial to the Surface 
Scalo (1974 ) gives a review of possible mechani s ms for producing 
stars with unusual surface abundances as a result of , i nter alia , core 
5 
hydrogen burning and first giant-branch evolutio n. We are concerned here 
with the helium burning, and in particular shell helium-burning evolution . 
There is now general agreements that no mixing of protons into 
the core occurs during the helium core flash in low mass stars at the tip 
of the first red giant branch (Harm and Schwarzschild 1966; Thomas 1967; 
Demarque and Mengel 1971; Demarque and Heasley 1971) although some doubt 
must still remain as to whether a hydrodynamical treatment of the flash 
would yield a different result (Edwards 1969). This view is strengthened 
by the general success of unmixed models burning helium in the core in 
explaining the horizontal branch (Faulkner 1966). Some mixing to the 
surface of triple-a processed material may be possible immediately follow-
ing the flash (Thomas 1967 , 1970). 
Although Peters (1968) has found the 2 2Ne (a ,n) 2 5Mg reaction a 
fairly strong neutron source during core helium burning in massive stars, 
it seems unlikely that any further opportunity for mixing or s -process 
e lement production occurs in low mass stars until the establishment of 
shell helium burning. In stars of M > 5 M various authors (Kippenhahn 
o 
et al . 1965; Paczynski 1971; Iben 1972; Eoll 1972) have found that 
the convective envelope extends down past a relatively inactive hydrogen-
burning shell when helium burning commences in a thick shell. No such 
mixing has been found in low mass stars. 
The situation appears far more promising during mor e advanced 
double-shell-source evolution when the helium-burning shell becomes 
thermally unstable. Here there is the possibility both of producing 
-process elements and of bringing these elements, along with the products 
of helium burning, to the stellar surface. As a result of the thermal 
instability, the luminosity of the shell increases very rapidly and a 
convective zone grows outwards from the helium shell. It has been found 
that t he outermost edge of this convective shell approaches the hydrogen-
6 
containing layers more closely with each successive flash c ycle (Weigert 
1966; Schwarzschild and Harm 1967) raising the possibility of mixing of 
protons into this convective shell and hence into helium-burning regions. 
Indeed Schwarzschild and Harm f ound that after nine flash cycles in a 
1 M0 star some such mixing did occur, although the amount of material 
actually mixed was uncertain because of inaccuracies associated with the 
numerical treatment of the intershell convective zone. 
On the basis of this work, Sanders (1967) showed that substantial 
neutron production for the s -process could then be expected via the 
13 C {a,n) 16 0 reaction, the 13 C being produced via the reaction of triple - a 
12C with the few protons carried into the convective shell. Unfortunately 
no account wa s taken of the possibility of these neutrons being captured 
by " neutron poisons" such as 14N and other light nuclei , and thus in-
hibiting -process element production. 
Several more elaborate schemes of producing s-process nuclei and 
of transporting them to the surface have been suggested. These also 
r ely on the convective shell reaching the hydrogen-containing layers . The 
most spphisticated is that of Ulrich and Scalo (1972) and Scalo and 
Ulrich (1973) in which the increased energy generation from the burning of 
protons on triple-a 1 2C at the interface between the convective shell and 
hydrogen-containing layers causes mixing (via a process analogous to the 
meteorological " buoyant plumes " ) through the convectively stable hydrogen-
rich layers up into the convective envelope . This scheme is capable of 
producing carbon stars , 7Li enhancements and can produce s - process elements 
at the surface in accord with their cosmic abundance distribution (Ulrich 
1973). However the mechanism is subject to some uncertainties and may 
only apply in s ars more massive than 2 or 3 M . 
o 
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Other schemes , which claim some success in producing the required 
distribution of abundances , involve the joining of the intershell convec-
tive zone with the convective envelope and thus free mass transfer to 
the surface (Cameron and Fowler 1971; Sackmann et al . 1974; Smith, Sackmann 
and Despain 1973). However no- one has yet succeeded in producing a 
stellar model in which this extensive convective region is likely to occur. 
Moreover by artificially mixing some protons into the intershell convective 
zone , Sweigart (1974) finds that a runaway growth o f the convective zone 
is unlikely. An alternative scheme (Ulrich and Scalo 1973; Sackmann and 
Despain 1974; Ulrich 1974; Iben 1973) involves a very strong shell flash 
leading to the convective shell extending out past the base of an inactive 
hydrogen-burning shell but not as far as the convective envelope. During 
subsequent evolution the convective enve lope deepens and mixes any 
material deposited beyond the hydrogen-burning shell to the surface. 
Such schemes have been used in an attempt to explain the behaviour of the 
peculiar object FG Sag (see also Langer et al . 1974) . 
More recent work, however, has shown that it is unlikely that the 
convective shell never quite reaches the hydrogen-containing layers 
(Iben 1975a , Chapters 2 and 4 of this thesis) and the abovementioned 
schemes are therefore in doubt. On the other hand Despain and Scalo (1975) 
have very recently shown that an (artificial) shell flash of sufficient 
intensity may lead to such mixing. 
A recent exciting development, utilising existing stellar evolu-
tion codes and input physics, whereby interior products including s -
process elements can reach the stellar surface in a 7 M0 double-shell-
source star with a 0 . 95 M core has been reported by Iben (1975a ,b ) . 
~ 
The intershell convective zone in his model burns 14N (the product of CNO 
equilibrium l eft be hind by the advancing hydrogen-burning shell during 
inter flash quiescent evolution) to 22 Ne via 14 N{a , y ) 18 F (S+V) 180 (a , y ) 22 Ne . 
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The temperature is high enough at the base of t he convective shell to allow 
neutron production by 22 Ne (a,n) 2 5Mg on a timescale that becomes increasingly 
comparable with the lifetime of the shell itself. Following the dis-
appearance of the convective shell during advanced flash cycles the con-
vective envelope reaches well down beyond the inner edge of an inactive 
hydrogen-burning shell and may mix s -process elements and triple-a carbon 
to the surface. This behaviour may be typic al of double-sheIl-source 
stars with larger core masses (Sugimoto and Nomoto 1975; Fujimoto et al . 
1975) . 
In Chapters 2 and 4 of this thesis the possibility of such 
interior nuclear reactions and mixing is investigated in a 0.6 M 
o 
Population II,and in a 2 Mo Population I double-sheIl - source star . 
II . POPULATION II CEP EIDS AND BLUE STARS ABOVE 
THE HORIZONTAL BRANCH 
Strom e t al . (1970) have found a group of stars lying above the 
horizontal branch in globular clusters - the supra-horizontal branch - and 
have identified these stars with low mass double-sheIl-source stars moving 
to the red as helium is exhausted in their cores. They have further 
identified such stars passing through the instability strip with the 
shorter period group (BL Her stars) of the bimodal period distribution 
amongst Population II Cepheids (Kraft 1972). Schwarz schild and Harm (1970) 
noted that certain low mass second-giant branch stars undergoing helium 
shell flashes underwent blueward movements into the instability strip as a 
result of the envelope ' s response to the flashes. They have identified 
such stars with the longe r period Population II Cepheids (W Vir stars). 
Only those stars that had evolved from the blue-horizontal branch were 
found to undergo such loops in agreement with the observed correlation 
betw en clusters with blue-horizontal branches and the o c currence of 
longe r p e riod Popula ion II Cepheids (Wall r s t in 1970). 
I 
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The UV-bright stars of Zinn et al. (197 2 ) that are scattered above 
the horizontal branch in globular clusters have also been identified with 
post-horizontal branch double-shell-source stars (Zinn 1974). It is 
likely that many of these stars have almost exhausted their hydrogen-rich 
envelopes and are moving from the red-giant region to become white dwarfs. 
The evolutionary status of these groups of stars are examined in 
Chapter s 2 and 3 of this thesis. A more detailed description of the 
current situation is given in the Introduction to these chapters themselves. 
III. THE PRECURSORS AND NUCLEI OF PLANETARY NEBULAE 
AND NOVAE 
The work of Paczynski and Ziolkowski (1968), Keeley (1970a , b) and 
Wood (1974) has shown that the envelopes of luminous red giants may become 
dynamically unstable leading to variability and possibly mass loss. Since 
some Mira variables (Smak 1966) have luminosities greater than that 
reached during a star ' s first ascent of the red-giant branch (Eggleton 
1968; Iben 1968; Rood 1972; Demarque and Mengel 1973; Faulkner and Cannon 
1973) these Miras are probably second-giant branch double-shell-source 
stars. Further, since many planetary-nebula nuclei have similarly higher 
luminosities (O ' Dell 1968) it is likely that second-giant branch stars 
are the precursors of some, if not all, planetary nebulae. Studies of 
the ejection of planetary nebulae from second-giant branch stars have been 
carried out with much success by Scott 1973; Wood 1974; Kutter and Sparks 
1972, 1974; Sparks and Kutter 1972. It is found that substantial mass 
loss occurs when the stellar luminosity exceeds a critical value. In low 
mass stars this is likely to first occur during helium shell flashes when 
t he e nergy released by t h e flash first reaches the surface layers. 
Stellar models having a structure that would be expected of a 
double -sheIl-source star that had previously lost all or most of its 
., 
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envelope have been quite successful in reproduc ing the Harman-Seaton 
sequence for the nuclei of planetary nebulae (Harman and Seaton 1966; 
Seaton 1966; O ' Dell 1968). 
A consistent set of such models consisting of a degenerate carbon-
oxygen core and a helium-rich envelope have been constructed by Faulkner 
and Wood (1972) and Wood and Faulkner (1973) in order to study the evolu-
tion of planetary nebulae nuclei as well as to find the requirements for 
thermal instability in the helium-burning shell and for carbon burning in 
the core. Several earlier studies had been made in which the helium-
burning shell in such stars exhibited thermal instabilities (Rose 1966, 
1967; Vila 1970). On the other hand various workers (Divine 1965; 
L ' ~cuyer 1966; Faulkner 1968; Paczynski 1971; Kutter 1971) reported no 
instabilities. Wood and Faulkner (1973) were able to show that when 
neutrino energy losses due to the universal Fermi interaction are included, 
stars in the mass range 0.5 M to 0.8 M undergo a single thermal pulse 
o 0 
before becoming white dwarfs, whilst more massive stars have stable helium-
burning shells. The decay times of these pulses are in good agreement 
with the observed rate of evolution of planetary nebula nuclei suggesting 
that helium shell flashes may be associated with the ejection of planetary 
nebulae. The thermal instabilies found are unusual in that only a single 
flash appears necessary to return thermal stability to the star, unlike 
the repeated relaxation oscillations found by other authors (Rose 1967) 
and in stars with hydrogen-rich envelopes (S chwarzschild and Harm 1965). 
In Chapter 5 of this thesis these pulses and the mass range over which 
they are found to occur is examined. 
Rose (1967) has found that the nuclear burning during the peak of 
helium-shell flashes is sufficient to cause pulsational instability in the 
pure helium envelope of a 0.75 M0 star. This lead him to suggest that 
strong thermal instabilities were responsible for the ejection, 
I 
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via nuclear driven pulsational instabilit~ of planetary nebulae from 
similar stars with hydrogen-rich envelopes. However it would now appear 
that such mass loss is only indirectly associated with thermal flashes 
through the dynamical behaviour of the envelope . 
Another suggestion made wa s that hot star s with thermally un-
stable helium shells could be associated with certain novae and rapid blue 
variables (Rose 1967). Unfortunately the rise time and recurrence time of 
Rose ' s models are too long to explain most nova outbursts . The pulsational 
stability during the thermal pulse undergone by a 0 . 7 M star of Wood and 
o 
Faulkner (1973) is also examined in Chapter 5 . More recently the view 
has been taken that novae are white dwarfs accreting hydrogen-rich matter 
from a nearby companion (Mestel 1952; Giannone and Weigert 1967; Saslaw 
1968; Rose 1968; Starrfield 1971a,b; Starrfield et al . 1972, 1974). Under 
certain conditions this can lead to a thermal runaway in a hydrogen-
burning s hell and possibly lead to the production of s - o r r -process 
elements (Hoyle and Clayton 1974; Starrfield , Truran and Sparks 1975). 
The Mount Stromlo Stellar Structure Program as described by 
Faulkner (1968), Robertson (1971), Faulkner and Wood (197 2 ) and 
Robertson and Faulkner (197 2 ) with modifications as described in the 
following c hapters wa s used throughout this investigation . 
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CHAPTER 2 
ASYl'1PTOTIC GIANT-BRANCH EVOLUTION OF A 0.6 t1 STAR 
~--------------------------------------------------0-----
ROBERT A. GINGOLD 
ABSTRACT 
The evolution of a double-shell-source 0.6 M Population II star 
o 
has been followed in detail through the asymptotic-branch phase into 
the region of the H-R diagram occupied by the nuclei of planetary 
nebula. No attempt has been made to suppress helium shell flashes. 
During the total of 14 relaxation oscillation cycles encountered , no 
convective mixing took place between the helium shell and the hydrogen-
rich layers. A small amount of the products of hydrogen burning was 
mixed to the surface by an extensive convective zone that developed 
shortly after major flash peaks. Toward the end of the asymptotic-
branch evolution the star spent a considerable time in the region of 
the H-R diagram occupied by RV Tauri-type stars in globular clusters. 
I. INTRODUCTION 
Theoretical studies of post-horizon tal-branch evolution have 
been complicated by the occurrence of helium shell flashes, first found 
by Schwarzschild and Harm (1965) in a 1 M star. After the star leaves 
o 
the horizontal branch, the helium shell , because of its relatively low 
nuclear energy content, rapidly approaches and heats the hydrogen-
burning shell. The luminosity of the hydrogen shell then exceeds that 
of the he lium shell. The star then undergoes repeated relaxation 
oscillations as a result of thermal instabilities in the helium-burning 
shell. 
I 
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This evolutionary phase has aroused much interest with regard to 
the evolutionary status of the longer period Population II variables and 
the occurrence of highly evolved stars with unusual surface abundances 
in globular clusters , 
Red giants with unusual surface abundances have been observed in 
several globular clusters (Zinn 1973, and references therein), Further 
evidence of possible mixing between surface and interior has been found 
(strom et aZ . 1970) in some of the UV-bright stars of Zinn et aZ. (1971) 
whi c h lie to the blue of the giant branch and above the horizontal 
branch . Dickens and Powell (1973) have examined the probably post-
horizontal-branch star HD 116745 in W Cen and find some evidence that 
the surface hydrogen abundance is l ower than in normal cluster giants . 
On the other hand, Norris (1974) has observed several UV-brigh t stars 
in W Cen and finds the atmospher ic abundances to be the same as for the 
c lus ter giants. 
The evolutionary status of Population II Cepheids has also been 
dis c ussed recently in terms of post-horizontal-branch evolution . The 
variables with periods of about 1 day, (BL Her stars) have been 
identified (Kraft 1972) with double-sheIl-source stars burning helium 
in a thick shell immediately after leaving the horizontal branch. 
Variable stars with periods of around 10 days in globular clusters , 
which are included in the mixed population W Vir c lass, have been 
identified with more advanced double-sheIl-source stars on the asymptotic 
giant branch undergoing helium shell flashes (Schwarzschild and Harm 
1970; Sweigart 1973a). By suppressing helium shell flashes in a 0.6 M0 
star until it has neared the tip of the giant branch, Mengel (1972) has 
found that only when the envelope mass becomes very small does the star 
loop into the instability strip during a shell flash. 
" 
! 
I 
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Unfortunately there is considerable theoretical difficulty in 
studying asymptotic giant-branch evolution. To follow the helium flashes 
in detail requires the construction of a large number of stellar models. 
This has led most authors to attempt some method of flash suppression 
(Rose and Smith 1970; Sweigart 1971). However, the suppression of helium 
shell flashes may mask a number of changes in the overall evolution that 
could have important observational consequences. For instance, it is 
generally found that during a helium shell flash a convective region 
devel ops exterior to the helium shell. This convective zone reaches 
close r and closer to the hydrogen-containing layers with each successive 
flash cyc le, raising the possibility of a drastic mixing of hydrogen 
inward and heavy elements outward which could radically alter the sub-
sequent e volution of the star. Furthermore, when the energy rele ased at 
the peak of a helium flash reaches the envelope, the surface convective 
zone penetrates deeper into the star than during quiescent evolutionary 
phase s. This raises the possibility of some mixing o f the products of 
hydrogen burning to the surface, although thus far such mixing has not 
been reported. 
It is worthwhile therefore, to follow in detail the post-
horizontal-branch evolution of at least one representative star through 
all of its relaxation cycles. The results o f such a study are presented 
in this paper. The computations carry the star from the end of the 
horizontal-branch (hereinafter referred to as HB) phase, through the 
asymptotic giant-branch (AGS) phase, and finally into the region of the 
H-R diagram occupied by planetary nebula nuclei. 
II. MODEL PARAMETERS AND INPUT PHYSICS 
The mass of the star has been chosen to be 0.6 M , which is con-
o 
sistent with that obse rved for HB stars in globular clusters (Newell, 
20 
Rodgers, and Searle 1969), as well as with theoretical evidence provided 
by HB studies (Iben and Rood 1970). Norris (1974) has determined a 
similar mass for the UV-bright stars in W Cen. The chosen enve l ope 
helium abundance, Y = 0.30, and heavy-element abundance, Z = 0. 001, are 
in agreement with recent determinations for Population II stars. 
The starting model of the prese nt sequence was taken from the 
final stages of the horizontal-branch evolution computed by Wood (1971). 
The initial helium core mass on the horizontal branch was 0.466 M and 
o 
the effects of semiconvection were included during core helium burning. 
The Mount Stromlo Stellar Structure Program (Faulkner 1968; 
Robertson 1971; Faulkner and Wood 1972) was used. Explici t enve lope 
integrations were performed at the surface with the ratio of mix i ng 
length to pressure scale height chosen as 1.5. The radiative opac ity 
tables of Cox and Stewart (1970) were used together with the fitting 
formula to the conductive opacity tables of Hubbard and Lampe given by 
Sweigart (1973a). 
The effects of gravitational energy release were included 
throughout, no attempt being made to suppress helium shell flashes. The 
evolution of the hydrogen-burning shell was followed without recourse to 
shell-shifting methods, since with the exception of the later quiescent 
evolution, this added only slightly to the overall computation time. 
III. GENERAL DESCRIPTION OF THE EVOLUTION 
Figure 1 shows the track of the star in the theoretical H-R 
diagram from the HB to the region occupied by planetary nebula nuclei. 
For clarity, only the quiescent evolution during the AGB phase is s hown 
excepting for the final relaxation cycle. The dashed portions of 
the track represent very rapid phases and some Population II variables 
from Eggen (1972) are plotted as crosses. 
FIG. 1. - The evolutionary track in the H-R diagram of a 0.6 
M star from the horizontal branch to the decay of the hydrogen-
o 
burning shell. Only the quiescent evolution is shown xcepting 
for the final relaxation oscillation on the asymptotic branch. 
Time in years between designated points for this cycle are: 
t Ea 192, taS = 354 , tSY = 16,600, ty6 = 26 , 000 . Dashed por-
tions of the track represent rapid phases . The first giant-
branch track of Rood (1972) is shown by the dotted line . 
Crosses represent variable stars in globular clusters from 
Eggen (1972). 
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Core helium burning terminated at point A of figure 1 , some 
1 . 25 X 10 8 years after its commencement. The epoch of point A will be 
taken as t = 0 in the following . The physical properties of selected 
quiescent models, most of which represent the star at the maximum 
surface luminosity preceding each of the 14 relaxation cycles , are given 
in table 1. At t = 0 the center of the hydrogen-burning shell (herein-
after defined as the point at which the hydrogen abundance is half the 
su~face value) was at q = 0.83. The strength of the hyd~ogen-burning 
shell grew steadily , surpassing the helium-burning shell at t = 13 X 10 6 
years with log L /L _- 2 . 28 (point B of fig. 1). At t _ 14 X 10 6 years H 0 
(point C) the helium-burning shell began to exhibit minor fluctuations 
in luminosity which by t = 14.7 X 10 6 years had ~esolved themselves into 
a definite cycle with a period of about 100,000 years. This co~responds 
to the oscillatory thermal instability encountered by Schwarzschild and 
Harm (1972) in a range of stars. The star then underwent the first of 
14 major relaxation oscillations (point 0) driven by the helium shell. 
The variation with time of the luminosity of the helium-burning shell 
during the star ' s later life on the AGB is illustrated in figure 2 . 
The star suffered no drastic changes until the main helium-
burning peak of the first relaxation cycle which occurred at t = 15 . 1 X 10 6 
years. At this time , the mass above the center of the hydrogen shell , 
hereinafter called t he envelope mass , was 0.07 M
0
· 
Relevant properties of the star during each of the 14 relaxation 
cycles are presented in table 2. The variation of the shell luminosities 
and the response of the surface luminosity and effective temperature 
during the first cycle are illustrated in figure 3a and those of the 
last cycle in figure 3b . Both cycles exhibit the same main features, 
as do the intervening cycles which show a smooth transition between 
---
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FIG. 2. - The variation of the luminosity of the helium shell i 
wi th time on the upper asymptotic branch. 
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Relaxat ion T i~ of "in~t.a Kilin flash Separation of Min . sur fa c e 
cycl e ma in flash 109 Lttelt.. peal< H containing 109 LIt.. 
number peak fro. ducing prior 109 LHe/ L. layers tcOil after ,,In 
Yc-<) UO'YC) quiescent 1M • • intershell fla s h 
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FIG. 3a . - The variation of the surface luminosity (lower 
solid line) , effective temperature (upper solid line) , hydrogen 
shell luminosity (dot- dash line) , and the helium shell lumin-
osity (dotted line) with time during the first relaxation 
oscillation. 
1..0 
Logl../L8~ 
3.0 
2.0 
1.0 
.' 
.' 
15.Offi 
, 
.. 
.. 
.. 
I -. --, 
, 
I 
I 
I 
I 
. 
. , 
. , 
. ,
. 
III 
I \ 
i \ 
, 
. 
I 
3.62 
- Te i LogTe 
3.60 
L 
, . , , , , , , , , :.;..:. :.'---' -----
/
-- ~--- ........ . .---,'~ L " " , i LH He 
, 
I 
15.135 
::-
II"' 
. 
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plotted for the last relaxation oscillation. Note the change 
in scale on the time axis indicated by the vertical dotted line. 
.-J. 
_~r;;;:;::;::;;::::::::. .. . . . 
... _ ........ - .- . . .... 
a (!) a 
u:; .-J Lri 
--y-
8' 
.-J 
a 
M 
QI. 
I· 
.-J 
I 
.-J 
q 
N 
M 
It) 
N 
~ 
N 
~ 
" 
27 
Vl 
0:: 
<l: 
LU 
>-
00 
a 
.-
LU 
L 
I-
28 
them. Each cycle consists of an active phase of three helium shell 
flashes followed by a period of quiescent hydrogen shell burning. 
The rapid increase in the energy output of the helium shell 
during the first and strongest flash of each cycle, causes an expansion 
and cooling of the overlaying layers. The hydrogen shell is thereby 
extinguished and, as a result of the drop in energy flux at the base of 
the envelope , the envelope contracts, leading to a rapid blueward move-
ment in the H-R diagram. This movement is halted by the appearance at 
the surface of the energy released by the peak helium burning. This 
causes the surface luminosity to rise briefly above its previous 
quiescent value. As this source of energy begins to fade, another 
smaller blueward movement begins which is similarly terminated by the 
appearance at the surface of the energy released by the second shell 
flash. In the later cycles this loop is barely detectable because the 
luminosity remains high throughout this phase. 
The third helium flash is too weak, even in the early cycles, to 
reve rse the move to the blue whi ch results from the gradual decay of 
the helium shell. The movement is terminated in this case by the re-
emergence of the hydrogen-burning shell. This loop is on a much longer 
time scale than the others and after Mengel, will be called the " slow 
loop". It can be seen from table 1 that the departure from the 
quiescent location of the star in the H-R diagram is less than 0.04 in 
log T during all of the cycles except the last. In general the 
e 
strength of the main helium flash increased with more advanced cycles. 
The main peaks of the second and 11th cycles were weaker than those 
immediately preceding them. This may be seen from tables 1 and 2 to 
be due to lower densities in the helium shell at the end of the 
quiescent evolution preceding these t wo flashes. Following the active 
phase of a cycle , a considerable time was spent during which the star 
u 
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did not regain the luminosity it had prior to the onset of the helium 
shell flashes. The extreme case of this was after the first active 
phase, when the star did not regain its previous luminosity before the 
active phase of the second cycle began. 
The length of an entire relaxation cycle increased from 129,000 
to 194,000 years for the seventh cycle and decreased again to 139,000 
years for the 13th cycle. The time separating the main and secondary 
flashes of the helium shell within each cycle dropped from about 8000 
years for early cycle s to less than 600 years for the last. The third 
shell flash became weaker in more advanced cycles and in general the 
relative strength of the main to the secondary flash increased. 
Even during the most rapid changes in the envelope structure the 
velocities and accelerations were always very small compared with the 
escape velocity and gravity, respectively. The question of pulsational 
or dynamical instability of the envelope during either quiescent evolu-
tion or thermal flashes has not been investigated. Since Gingold and 
Faulkner (1974) have found that a similar helium shell flash in a pure 
helium star of 0.7 M does not cause serious pulsational instability, 
® 
it is likely that the 0.6 M star, with a hydrogen-rich envelope, is 
® 
pulsationally stable. The luminosity and envelope mass are probably 
too low to lead to the type of dynamical instability in the envelope 
discussed by Paczynski and Ziolkowski (1968). 
Nearly all the helium burnt is consumed during the shell flashes. 
This is illustrated in figure 4 which shows the abundance profile of 
the helium shell at various phases of the ninth relaxation cycle. The 
solid line represents the abundance profile just before the first flash 
of the cycle. This flash causes a convective zone to extend outward 
from the helium-burning shell. The resultant abundance profile at the 
time of the maximum extent of this convection is given by the dashed 
FIG. 4. - The abundance profile of helium in the he lium-
burning shell: before the first flash of the ninth cycle (thick 
solid line) , at the time of the maximum extent of intershell 
convection (dashed line) , at the end of the ninth active p hase 
(dotted line) , immediately before the active phase of the lOth 
cycle (thin solid line) . 
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line in figure 4 and the profile at the end of the active phase by the 
dotted line. It can be seen that the helium shell' advances by mixing 
the fuel in the intershell region into the burning region , where it is 
quickly burnt because of the high reaction rates during the shell 
flashes. The thin solid line, representing the profile just before the 
lOth relaxation cycle, demonstrates that very little helium is burnt 
during the quiescent evolution . About 0.007 M of helium is consumed 
o 
in each cycle. 
Following the active phase of the eighth cycle when the envelope 
mass was 0.042 M
0
, the star began to evolve slowly away from the Hayashi 
limit. This behaviour continued in subsequent cycles until, following 
the active phase of the 13th cycle, the quiescent evolution was almost 
horizontally to the blue, the star becoming 0 . 02 hotter in log T in e 
less than 100,000 years. 
IV . THE FINAL RELAXATION CYCLE AND THE 
EVOLUTION TO THE BLUE 
The magnitude of the response of the envelope to the shell 
flashes was greatest in the 14th (and last) active phase. The envelope 
mass at the time of commencement of this cycle (point E of fig. 1) was 
only 0.005 M. The first loop in the H-R diagram was very rapid, the 
o 
star spending only 120 years to the blue of log Te = 3 . 65 and reaching 
a maximum log T of 4. 27. By contrast, during the "slow loop" the star 
e 
spent some 40,000 years to the blue of log Te = 3 . 65 and reached a maxi-
mum log Te of 4.49. As the hydrogen shell burning regained its strength 
the stellar radius grew as in earlier cycles. However , because of 
the now very small e nvelope mass , t he star , after reaching a minimum 
log T of 3.71 , evolved blueward across the H-R diagram at approximately 
e 
constant luminosity in a similar fashion to the models of Rose and 
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Smith (1970), Refsdal and Weigert (1970) and Mengel (1972) . As the 
star grew hotter than log Te = 4.45 the hydrogen shell began gradually 
to weaken . Some 36 , 000 years after the minimum surface temperature 
following the last cycle, and with the envelope mass only 0.0007 M 
o 
(point F in fig. 1 and last entry in table 1) the hydrogen-shell lumin-
osity began to de cay rapidly , falling by a factor of 40 in 9 , 800 years. 
The computations were terminated when it appeared that a hydrogen shell 
flash of the kind encountered by Mengel (1972 , 1973) was about to occur . 
The luminosity of the helium-burning shell at this time was only 0.88 L . o 
v . CONVECTIVE MIXING ON THE ASYMPTOTIC BRANCH 
The possibility of mixing between the hydrogen-rich layers and 
the helium-burning shell due to the intershell convection that 
develops during a helium shell flash has aroused much interest, 
particularly with regard to the production of s - pr ocess elements which 
may eventually reach the stellar atmosphere . After nine relaxation 
cycles of aIM double-sheIl-source star, Schwarzschild and Harm (1967) 
o 
found that this convective zone reached the hydrogen-containing layers 
and slight mixing occurred. Sweigart (1971) confirmed that this small-
scale mixing continued during advanced cycles of the same star. The 
results of Weigert (1966) indicate a similar possibility for a 5 M0 star. 
In the present study the intershell convective zone approaches 
closer to the layers containing hydrogen with each succeeding cycle. 
However the rate of approach levels off in later cycles with a minimum 
-4 separation of 2 .4 x 10 M. The drop in pressure between the convective 
o 
zone and the hydrogen-containing layers was then 0 .1 8 in log P. The 
minimum separation of these regions for each cycle is given in table 2 . 
The helium abundance in the intershell region produced by the previous 
major flash is given in table 1. 
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Sweigart (1973b) has artificially mixed some hydrogen into a 
helium-burning shell undergoing a thermal flash to determine if a small 
amount of mixing might lead to a 'growth of the convect ive region, and 
thus more extensive mixing. He finds that this does not occur but that 
a larger rate of artificial mixing leads to a splitting of the convec-
tive zone into two parts separated by a small radiative zone. Two 
separated convective zones briefly appeared following the peak of strong 
flashes in the present study (without any mixing of hydrogen). This was 
due to the creation of a temperature inversion interior to the point of 
maximum nuclear energy production (which is located near the shell 
center as defined by the helium abundance profile). As the energy out-
put of this region begins to drop, the energy output of the region near 
the inner edge of the shell briefly grows in relative strength, leading 
to the production of a second convective zone. The zones are separated 
by an order of magnitude in pressure and by almost 0.02 Me 
The arrival in the outer envelope of the energy released by the 
primary helium flash of each cycle caused the surface convective zone 
to reach deeper into the star than during the quiescent evolution . The 
mass fraction down to which the convective envelope reached during this 
phase is given in table 2 and may be compared with the corresponding 
value during quiescent hydrogen shell burning given in table 1. Some 
slight mixing of the products of hydrogen burning to the surface occurred 
during the first relaxation cycle and several of the later ones. Over 
the entire AGB lifetime the surface 14N abundance increased by a factor 
of 1.6 over its original value with an accompanying decrease in the 12C 
abundance. Although the reaction network did not include 13 C it is 
likely that the surface 13C/ 1 2 C ratio would be significantly increased. 
The depletion of hydrogen at the surface was negligible. 
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During the later stages on the AGB it would be expected that any 
mixing between the hydrogen shell and the surface would more drastically 
affect the surface abundances because of the smaller envelope mass. 
However, as mentioned earlier, the star moves away from the Hayashi 
limit during this phase. In fact the convective region splits into two 
zones, separated for example, during the phase of maximum surface con-
vection of the 13th cycle, by an order of magnitude in pressure. 
Even in more violent flashes than those encountered here, the 
large pressure gradient across the hydrogen shell makes it unlikely 
that the surface convective zone will penetrate very deeply into 
hydrogen-depleted layers. 
VI. TIME SCALES OF POST-HORIZONTAL-BRANCH PHASES 
During the evolution off the HB computed by Wood (1971), the 
0.6 M star spent a little less than 107 years between an effective 
o 
temperature (log T ) of 4.0 and 3.69. This included about 0.55 x 10 6 . 
e 
years in the instability strip (as defined in fig. 19 of Eggen, Freeman, 
and Rodgers 1973) at about half a magnitude brighter than the HB. 
The theoretical histogram of time spent on the AGB derived from 
the present study is shown in figure 5. As mentioned earlier, the 
star spends a significant part of its quiescent evolution following an 
active phase, regaining the luminosity it had acquired prior to the 
first shell flash of the cycle. This is the cause of the irregular 
appearance of the luminosity function when compared with a theoretical 
luminosity function for the first giant branch. The peak around 
log L/L 
o 
3.0 occurs because during the quiescent evolution following 
the first cycle the star did not regain its earlier luminosity before 
the onset of the active phase of the second cycle. This could account 
for some of the clumps observed on the asymptotic and giant branches 
of many globular clusters. 
FIG. 5. - Theoretical histogram of time spent on the 
asymptotic branch at a given luminosity . 
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The star required approximately 11 million years from the cessa-
tion of core helium burning to ascend the giant branch to ~ol = -1.5. 
During much of this time the asymptotic-branch track is quite distinct 
from the 0 . 8 M first giant-branch track computed by Rood (1972). This 
o 
track is given by the dotted line in figure 1. (Note that Rood took 
the ratio of mixing l ength to pressure scale height to be 1.0. The 
envelope composition was similar to that used here.) The first giant-
branch star spends about 55 million years at luminosities above the 
horizontal branch and below ~ol = -1. 5 . Thus, in globular clusters 
where there is no clear distinction between the two giant branches, we 
would expect about 17 percent of the stars below ~ol = -1. 5 on the red-
giant branch to be stars with two nuclear burning shells . 
The 0.6 M0 star spent a further 5.9 million years in the red-
giant region at luminosities greater than ~ol = -1.5, during which 
time the relaxation oscillations occur . The 0 . 8 M star of Rood took 
o 
about 11 million years (from ~ol = - 1.5) to reach the tip of the first 
giant branch. Thus about 35 percent of the stars on the brighter part 
of cluster giant branches would be in the AGB phase. Note that the AGB 
star surpassed the maximum luminosity (log L/ L0 = 3.31) of the first 
giant-branch track for about 1.3 million years , reaching a maximum 
luminosity preceding the 14th relaxation cycle of log L/ L0 = 3 . 71. 
However , during the last 840,000 years the quiescent evolution took the 
star steadily away from the giant branch. For mu ch of this time , whi ch 
is about 1 percent of the total red-giant-branch lifetimes , the star 
would appear distinctly separated from the giant branch in globular 
c lusters . 
Overall, approximately 25 percent of the red-giant stars of a 
cluster would be in the double shell source phase. This agr es with 
the stimat d duced from Sweigart ' s (1 71) results for a 1 M0 star by 
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Demarque, Sweigart , and Gross (1972). As mentioned by Demarque e t al . , 
this leads to an increase in R (the observationally determined ratio of 
the number of HB stars to single shell source red-giant-branch stars) to 
R _ 1 . 2. This in turn leads to an increase in the globular-cluster 
helium abundance to Y _ 0.2, as determined by the R-method when semi-
convection on the HB is included in the computations . 
Iben and Rood (1970) have estimated a much longer lifetime on 
the early part of the AGB from their HB studies with the effects of 
semiconvection not included. The size of the helium-exhausted core has 
a marked effect on the time the star spends burning helium in a thick 
shell before the hydrogen shell dominates the quiescent evolution. 
Observational counts of the number of stars on the AGB versus the number 
on the HB in globular clusters could provide important information on 
the interior evolution of HB stars. 
The star passes through the less luminous part of the region in 
the H-R diagram occupied by the nuclei of planetary nebula as the 
hydrogen-burning shell nears the stellar surface. It is of interest to 
compare the evolutionary time scale of the 0.6 M star in this region 
o 
with that derived from the results of Seaton (1966) for planetary 
nebulae nuclei . It must be stressed , however, that the present computa-
tions did not extend to the phase of steady cooling and that consider-
able further evolution in this region is likely . On the basis of an 
-1 
assumed nebula expansion rate of 20 km s the observed lifetime in this 
region is approximately 17,000 years . The 0.6 M star, whose evolution o 
will be typical either of a star that has suffered no mass loss or a 
planetary nebula nucleus that has undergone no lasting perturbation 
during the ejection of the nebula , spent a similar length of time in 
this region. The evolution was at a lower luminosity and higher effec-
tive temperature than Seaton ' s track, which however, is likely to be a 
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conglomeration of several individual tracks. 
VII. POPULATION II VARIABLES 
Variable stars such as BL Her, lying above the HB in globular 
clusters with periods of the order of 1 day, have recently been identified 
with stars moving to the red from the HB and burning helium in a thick 
shell. The star examined here spent only a small fraction of its HB 
lifetime in the instability strip during the final stages of core helium 
burning . From figure 2 of Iben and Huchra (1971), the mean period of 
the star when in the instability strip was found to be 0.82 days in the 
fundamental mode. The mean rate of increase of the period due to the 
evolutionary movement through the instability strip was 0.27 days per 
10 6 years. 
Because of the generally higher luminosities found here during 
the AGB phase , it is not possible to identify the blueward movements of 
the star with the variables of approximately 10-day period in globular 
clusters as has been done by Mengel (1972). 
There is evidence that the instability strip for Population II 
stars reaches far to the red at high luminosities . The variables, 
commonly called W Vir stars, merge at luminosities above approximately 
~ol = -3.4 with longer-period variables whos e light curves exhibit two 
unequal minima. These stars are often included in the class of RV Tauri 
stars, which like the W Vir stars , are variables of mixed population 
occupying a range of colors extending to the giant branch where con-
fusion of classification has sometimes developed. 
The calculated 0.6 M star spends a considerable time , both 
<:> 
during quiescent evolution and during the final slow loop, in the region of 
the H-R diagram occupied by RV Tauri-type variables in globular clusters. 
The star spends some 600,000 years between log T 3 . 58 and 3.8 at a 
mean lllminosity of ~ol = -4.4. 
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In w Cen only one or two stars are found in this region compared 
with some 4000 on the HB (Dickens and Powell 1973). with a typical HB 
lifetime of 10 8 years , the present results indicate that about 20 stars 
should be observed at high - luminosity blue of the giant branch. There 
are , however , a reasonable number of such stars at lower luminosities 
in W Cen . It follows from the present work that an AGB star will only 
undergo significant blueward movements when the envelope mass is very 
small . In less massive star s this will happen at lowe r luminosities. 
Sweigart , Mengel , and Demarque (1974) have shown that a 0 . 51 M star , 
o 
after leaving the HB, never reaches the red-giant region and remains 
at luminosities below log L/ L = 2 .5. Thus the typical mass of a HB 
o 
star in W Cen is probably sowewhat les s than 0 . 6 M . 
o 
Stother s (1963) , in a surve y o f variable stars in g l obular 
c lusters with period greater than 20 days finds that more l o ng-period 
and RV Tauri-type variables occur in clusters with no or only few RR 
Lyrae stars . Furthermore, c lusters rich in RR Lyrae stars tend to have 
shorter period RV Tauri-type stars, and the RR Lyrae variables in the 
clusters with long period RV Tauri stars are usually Bailey types a or b . 
If we assume that the typical HB mass in clusters with few RR 
Lyrae stars is relatively large, then when such stars undergo their 
final blueward movements from the tip of the giant branch, they will be 
at relatively high luminosities and will give rise to longer-period RV 
Tauri stars in a ccordance with the above-mentioned observations. 
VIII . COMPARISON WITH PREVIOUS WORK 
The qualitative features of the evolution presented here are in 
good agreement with the results of Sweigart (1973a) and Mengel (1972, 
197 3). The star undergoes extensive loops in the H-R diagram only near 
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the end of its AGB lifetime and the occurrence of bo th rapid and slow 
loops in response to the final relaxation oscillation is also confirmed . 
The relative time scales of these two loops was found to be similar to 
the ratio found by Mengel . 
However th e e volutionary time scale in the present study is 
shorter by a fa ctor of about 1 . 5, and the surface luminosity is generally 
correspondingly higher. This can be attributed to the higher temperature 
of the hydrogen-burning shell , which is due to the much closer approach 
of the helium-burning shell in the present study . The position of the 
helium-burning shell prior to the main peak of Mengel's sequence A is 
q = 0 .846 with 0 .07 M separating it from the hydrogen shell . This 
e 
seque nce corresponds to cycle 11 where the he lium shell is at q = 0.912 
and o nly 0.03 Me separates the shells. 
Despite the more rapid evolutio n of the hydrogen shell the 
numbe r of relaxation cyc les is similar to the 12 estimated by Mengel to 
occur on the AGB for a 0 . 6 M star. This is because helium is fed into 
o 
the region above the helium-burning shell at a greater rate, causi ng 
the helium shell to contract at a similarly greater rate and thus reduc-
ing the relaxation-cycle period. By artificially reducing the rate of 
helium production in hydrogen burning, while keeping the energy released 
fixed it was found possible to increase the cycle length. 
The a ctive phase of helium burning occupies a considerably 
smaller fraction of a relaxation cycle than found by Sweigart or Mengel. 
This is possibly due to the greater core mass in the present investigation. 
IX . CONCLUSIONS 
A star of 0.6 M undergoes 14 relaxation cycles during the latter 
o 
part of its asymptotic giant-branch lifetime. No mixing occurs between 
the hydrogen-containing layers and the helium shell during shell flashes . 
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However a s mall amount of mix ing between the surfac e regions and the 
hydrogen shell occurs as a result o f the extensive envelope convection 
that arises as the energy released by violent helium shell flashes 
reaches the surface . 
It is possible to identify long- period variables in globular 
clusters t hat are not on the giant branch, with stars either undergoing 
t heir final relaxation oscillation cycle on the asymptotic branch or 
finally evolving to the blue as the hydrogen - burning shell nears the 
surface . The luminosity of such a variable will be directly related 
to its mass . 
I would like to thank Dr. Peter Wood for generously supplying 
the starting model . I am grate ful to Drs. Don Faulkner and Mike Bessell 
for helpful advi c e. 
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CHAPTER 3 
THE EVOLUTIONARY STATUS OF POPULATION II CEPHEIDS 
ROBERT A. GINGOLD 
ABSTRACT 
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Several grids of post-horizon tal-branch evolutionary models have 
been constructed assuming a range in either total mass or initial core 
mass on the horizontal branch. The less luminous Population II Cepheids 
(BL Her stars) are identified with stars of small envelope mass under-
going "blueward noses" from the asymptotic giant branch. These movements 
are due to readjustments between the hydrogen and helium-burning shell 
luminosities following the exhaustion of helium in the core. The more 
luminous Cepheids (W Vir stars) are identified wi th stars undergoing 
blueward loops from the second giant branch in response to helium shell 
flashes or finally evolving to the blue as the hydrogen-burning shell 
nears the stellar surface. The models predict relatively too few 
variables spread over too large a range in luminosity in the brighter 
group. Mass loss on the second giant branch is suggested to help 
resolve this problem. The assumption of a range in total mass on the 
zero-age horizontal branch produces a better fit to the observed lumin-
osity distribution of Population II Cepheids than does the assumption 
of a range in initial core mass. 
I . INTRODUCTION 
Although the model first proposed by Faulkner (1966) for horizontal-
branch stars is in a general way quite successful , our understanding of 
these stars is far from complete despite recent refinements to the theory 
(Rood 1973; Demarque 1973). In order to e xplain the observations of 
globular clusters with extremely blue horizontal-branch stars, it is 
necessary to assume some mass loss either during the red giant phase or 
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at the helium core flash , even when semiconvection at the boundary of the 
helium-burning core is included in the calculations . By further assuming 
differential mass loss between stars within a single cluster, Rood (1973) 
has shown that a good fit to the observed range in colour of horizontal 
branches can be made. However, no acceptable theoretical basis for this 
mass loss has yet been produced. Moreover there are anomalous clusters 
whose ho~izontal branches call for some unknown parameter t o vary from 
c luster to c luster. Variations in cluster age , initial helium abundance 
and eNO cycle abundances have been suggested to account for these clusters 
(Rood 1973, and references therein). 
As a further complication, it has been pointed out by several 
workers that it is the stellar env lope mass which basically determines 
the position a star will occupy on the zero-age horizontal branch and the 
evolutionary path it will subsequently follow . A range in enve lope mass, 
and therefore a range in colour, may be achieved either by a range in 
total mass, as mentioned above, or by a range in initial core mass. 
This might come about due to varying degrees of core rotation on the 
red giant-branch (Demarque e t aZ . 1972) . Rood (1973) has shown that it 
is not possible to make a clear choice between these hypoth ses on the 
basis of horizontal-branch colour magnitude diagrams. 
with fe w exceptions (e.g. Zinn 1974; Norris 1974; Sweigart e t . 
aZ . 1974) previous studies of the horizontal branch have r elied heavily 
on the theory and observations of the horizontal branch its If . The 
present paper aims to discover what can be learnt about the horizontal 
branch by examining post-hori zontal-branch evolution theo r e ically , and 
comparing he results with observations of stars believe d to be in post-
horizontal-branch phases. There are several classes of stars thought to 
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be in such late evolutionary phases including the stars on the asymptotic 
giant branch in globular clusters. The relative number of first giant-
branch stars compared to asymptotic giant-bran ch stars may help decide 
if the currently empl oyed treatment of semiconvection during core helium 
burning is valid (Gingold 1974). Unfortunately the two giant branches 
are only rarely distinguishable from each other and from r ed horizontal-
branch stars. The UV-bright stars found in globular clusters (Zinn et . al . 
1972) are also thought to be post-horizon tal-branch and possibly post-
asymptotic-branch stars. Norris (1974) has examined these stars in w 
Cen and concludes that it is not likely to be possible to distinguish 
betwee n the hypotheses of a range in either total mass or core mass on 
the ho rizontal branch, on the basi s of the properties of UV-bright stars. 
The PopUlation II Cepheids with periods greater than one day 
(often called BL Her and W Vir stars) that are found in clusters with 
blue horizontal branches are also thought to be in post-horizontal-branch 
phase s . The known properties of these stars are compared with the 
results of the computation, under a variety of initial assumptions, of 
evolutionary sequences from the horizontal branch to advanced evolutionar y 
stages . This paper attempts to find what can then be learned abou t 
horizontal-branch stars themselves as well as examining the evolutionary 
status of Population II Cepheids in detail. Such evolutionary sequences 
will also be useful in the study of UV-bright stars although this is not 
discussed here. 
Some observational facts and the previously proposed evolution-
ary status of Population II variables with periods greater than one day 
are considered in the next section. In §III, §rv and §v , the evolutionary 
sequences con structed are described and the resul s put in a form that 
e nables compari son with the observations. In §vr it is shown that there 
are proble ms with the theoretical picture presented in §rr and several 
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suggestions to account for these difficulties are made. As a result of 
these difficulties it is not possible to draw definite conclusions con-
cerning the nature of the horizontal branch, although on the basis of 
the comparisons presented here the hypothesis of a range in total mass is 
superior to the hypothesis of a range in initial core mass on the 
horizontal branch. 
II . THE EVOLUTIONARY STATUS OF POPULATION II CEPHEIDS 
The existence of a bimodal distribution in periocl (or luminosi tV) 
among Population II variables (Cepheids with P ~ 30 days) was demonstrated 
by Kraft (1972). Recently Demers and Harris (1974) examined these vari-
abIes both in globular clusters and in the field at high galactic lati-
tudes and in accordance with Kraft they found a lack of variables with 
periods between 3 and 6 days. Using table 1 of Norris and Zinn (1975) 
which was constructed from the data given by Demers and Harris, a histo-
gram showing the number of globular cluster Cepheids within intervals of 
0.1 in log L/L has been constructed (fig. 1). In the following the gaps 
(!) 
and peaks in the distribution will be referred to as labeled in figure 1. 
The lack of stars in the 3 to 6 day period range corresponds to gap 2 . 
Strom et al . (1970) have suggested that the fainter group (group 
1) represent post-horizontal-branch stars moving toward the asymptotic 
giant branch following the exhaustion of helium in their cores. 
Schwarzschild and Harm (1970) and Mengel (1972, 1973) have suggested that 
the brighter group (group 2) can be identified with second giant-branch 
stars entering the instability strip due to the stellar envelope ' s 
r<>spo nsc to hel ium ,s he'll flashes and the' fi nill passage of t 11<' s il, to the 
by Coutts (1 73) that those variabl s wi th p riods less than eight ddys 
have more stable p riods than the longer period variables. 
FIG. 1. - The observed luminosity distribution of population 
II Cepheids with periods less than 30 days. The hatched area 
represents the RR Lyrae variables. 
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The thermal instabilities in the helium-burn ing shell are found 
to begin at about the luminosity of the variables in group 2. Mengel 
(1972, 1973) and Gingold (1974) have shown however that second giant-branch 
stars will not respond with any movements into the instability strip until 
the star ' s envelope mass has been reduced to less than approximately 0.02 
M
0
. The range in luminosity of group 2 variables has then simply been 
attributed to a range in stellar mass, slightly less massive stars, say, 
being only able to reach a lower luminosity on the asymptotic giant branch 
before e xhausting their hydrogen-rich enve lope and thus moving to the blue. 
The 0 .6 M stars studied by Mengel and Gingold passed through the 
o 
instability strip at luminosities brighter than the group 2 variables 
where as the 0 . 51 M star evolved by Sweigart et al . (1974) remained at 
o 
high e ffe ct ive temperatures during its post-horizontal-branch evolution . 
Thus, ignoring any effects of envelop~ abundances, it follows that the 
mass of the group 2 variables must be between 0.5 and 0.6 M
0
. Stars in 
this mass range spend their horizontal-branch lifetime to the blue of the 
instability strip (depending on Y and Z) and may also produce the lower 
luminosity group 1 variables during the redward evolution that occurs as 
helium is exhausted in the core . As is well known , this agrees with the 
correlation note d by Wallerstein (1970) that Cepheids are found only in 
clusters having a very blue horizontal branch. 
There are some uncertainties with the picture presented above. 
Mengel (1972) has argued that the lack of longer period Cepheids in 
clusters having a red horizontal branch may be explained by assuming that 
these stars are more massive in these clusters. Since the timescales of 
blueward movements are reduced for stars of greater mass, and hence 
greater luminosity on the second giant branch, we would expect few stars, 
if any , to be observed at higher luminosities. However there are about 80 
irregular , semi-regular and long period variables with periods mostly 
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greater than 50 days (and most frequently periods o f _100 days) and of 
high luminosities in globular clusters. Most of these variables appear to 
be associated with the giant branch, excepting the RV Tauri type variables 
which are clearly related to the W Vir variables. Although they o ccur in 
clusters with various types of horizontal branches, there are more high 
luminosity variables in clusters having red horizontal branches and few 
RR Lyrae stars, and those that o ccur in clusters rich in RR Lyrae stars 
tend to have shorter periods (Stothers 1963). Although the picture 
prese nted above generally explains these trends, the paucity of stars 
with periods between 20 and 50 days presents a problem. This gap could, 
of cour se , te a function of the types of horizontal branches that are 
most common. 
This paper will mainly confine its a ttention, therefore, to 
the p r oblem of the bimodal period distribution among Cepheids with periods 
less than about 30 days that are f ound in globular clusters with blue 
hori zontal branches. Within this group of Population II variables there 
are still some uncertainties concerning their evolutionary status. While 
it i s true that we may expect the more massive and more luminous second 
giant-branch stars to follow a luminosity-core mass r e lation (Paczynski 
19 70) and therefore rise to a well define d luminosity before the envelope 
mass i s small e nough to allow blueward movements, it is not clear that 
we can rigorously extend the argument to lower masses and luminosities 
where the envelope mass is small and the stellar interior may not yet 
have reached the configuration characteristic of the brighter double-shell-
Source stars. This is not to say that we cannot generally expec t lower 
mass stars to l e ave the second giant branch at lower luminositie s, but 
only that post-horizon tal-branch tracks are needed in this mass range 
before we can draw definite conclusions. Similarly , the timescales of 
blu ward movements may not be significantly longer as we go to lower mass 
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in defiance of the rule that applies at masses >0.6 M (Mengel 1972). 
o 
If t his is so , the picture presented above will find difficulty in ex-
p l aining the relatively small numbers of variables with luminosity in the 
range 3 ~ log L/L0 ~ 3 . 6 in globular clusters having moderately blue 
horizontal branches and thus containing many stars of M < 0.6 M. Further -
- 0 
more , the general picture presented above does not yet account for the 
relative lack of stars in gap 2. The luminosity and manner in which stars 
approach the asymptotic branch will be important in this respect. 
Grids of evolutionary models designed to throw more light on 
these and other questions are described in the following sections. Note 
t hat in the following the variables in groups 1 and 2 will be referred to 
as Population II Cepheids and the more luminous variables, found mainly 
in clusters with red horizontal bLanches, as high luminosity variables. 
III. INPUT PHYSICS AND MODEL PARAMETEqS 
The input physics and evolutionary program used were the same 
as de s cribed elsewhere (Gingold 1974, and references therein) excepting 
the triple-a reaction rate which was taken from Fowler et al . (1967) . The 
treatment of convective core overshooting and semiconvection devised by 
Robertson and Faulkner (1972) was applied after every iteration. This 
slightly decreases the rate of convergence of models during the early 
semiconvective phase , but it was very difficult to converge models that 
are nearing the end of core helium-burning if this procedure was only 
applied when the model was otherwise nearing convergence. The 14N(a , y)18 F 
reaction was omitted because it presented difficulties at the outer edge 
of t he convective core shortl y after t he development of the semiconvective 
region , a nd does not provide a significant energy source. The hydrogen 
shell was not advanced by artificial means during evolution on the second 
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giant branch. This cannot be done either at low lumi nosities , since the 
helium-burning shell is then strong , or at higher luminosities where the 
helium- burning shell begins to become unstable and could affect any 
bl ue ward movements of stars which have little mass above the hydrogen -
burning shell. 
Three main series of evolutionary models were constructed, all 
with Z = 0 . 001. Horizontal-branch models with total mass in the range 
0.5 M to 0 . 7 M and having a constant initial core mass of 0 . 4664 M 
00
were constructed for envelope helium abundances Y = 0 . 2 and 0.3. The 
initial core mass is slightly low for the above compositions (Eggleton 
1968), but was chosen to fa c ilitate comparison with models constructed 
earlier. The horizontal-branch evolution of the 0 . 6 M , Y = 0.3 star 
o 
was c omputed by Wood using the triple-a reaction rate given by Reeves 
(1965) . Its complete second giant- branch evolution has been described 
elsewhere (Gingold 1974). The third series of models constructed had a 
cons t ant total mass of 0.57 M and an initial core mass in the range 
o 
0.466 4 M to 0.55 M with Y = 0.3. This choice of total mass is perhaps 
o 0 
a little too low as will be discussed later . 
In addition , two evolutionary sequences of intermediate total 
mass and one of intermediate initial core mass were constructed with 
Y = 0 . 25. As expected , these evolutionary tracks fell between similar 
mass models of Y = 0.2 and 0.3, and thus will not be discussed in detail 
here. 
Most of the evolutionary sequences have been carried at least 
to the exhaustion of helium in the core . Many have been followed until 
the onset of the first strong helium-shell flash, and several through 
this instability, or until the mass of the hydrogen-rich envelope was 
very s mall and the star had moved to high effective temperatures . 
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IV. DESCRIPTION OF THE EVOLUTIONARY SEQUENCES 
The following notation for referring to particular evolutionary 
sequences will be used. An evolutionary sequence in the variable total 
mass series, (with initial core mass 0.4664 M ) such as the 0.536 M 
e e 
star , with Y 0.30, will be referred to as M536-Y30. Models in the 
constant total mass (0.57 Me)' variable initial core mass series, with 
Y = 0.3, such as the star with an initial core mass on the zero-age 
horizontal branch of 0.500 M will be referred to as the C500 star. 
e 
a) Variable Total Mass Sequences 
(i) Y = 0.30. The evolutionary tracks in the H-R diagram for this 
series of models are shown in figure 2. In this and following figures 
the filled circles on the tracks show the point at which a semiconvective 
zone first develops outside the helium-burning core. The crosses repre-
sent the last model that possesses a semiconvective zone and the barred 
ticks the model where the central helium abundance, Y , is first zero. 
c 
The filled squares show the point where the luminosity of the hydrogen-
burning shell first exceeds that of the helium-burning shell for selected 
sequences. Dashed portions of the tracks represent particularly rapid 
phases and the tracks are labelled by their mass using the above con-
vention. The blue edge of the instability strip for stars of 0 .6 Me 
and of the appropriate envelope composition was taken from Tuggle and 
!ben (1972) and extrapolated beyond log L/L = 2.8. The red edge was 
e 
taken to be 0.06 cooler in log T
eff · 
In table 1 we give for each sequence the initial envelope mass 
on the zero-age horizontal branch , the central helium abundance, and the 
mass interior to the outer edges of the convective core and surrounding 
semiconvective zone, at both this zone's first appearancp ana it~ maxi-
FIG . 2 . - Evolutionary tracks for stars of the variuh10 tolu\ 
mass , Y = 0 . 3 series . Thp points at whi c h a scmiconvccLi~' ~)ru' 
first develops are shown by dots, the last model possessing s uch 
a zone by c rosses and the model where Y is first zero by barred 
c 
ticks. Solid squares indicate the point where L(H shell) exceeds 
L . Dashed lines indicate particularly rapid phases. 
(He shell) 
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NOTES TO TABLE 1 
t Time is in units of 10 7 years from the commencement of core 
helium burning. 
~MCC and Mscz are the mass (in M
0
) interior to the outer edge of 
the fully convective core and semiconvective zone respe ctively. 
#The stellar envelope mass (in M ) at the reddest point follow-
o 
ing the end of core helium burning and at the maximum T of e 
the "blueward nose". 
§The time (in units of 104 years) spent in the instability strip 
and the log L/L of the three types of crossing described in 
o 
the text. 
TABLE 1 
Y 0.3 M 0 .4664 
c 
Total Mass (M ) 0.502 0.519 0.521 0 . 527 0.536 0 .550 0 . 570 0.600 0.640 0.680 0 .700 
0 
Initial Env. Mass 0.036 0.053 0.055 0.061 0.070 0.084 0.104 0.134 0.174 0 . 214 0.234 
semi- 1 . t 3.622 3.944 3 . 239 3 .403 3.580 3 . 203 3.158 2.929 3.388 3.112 3.328 t~rne 
cony . 
zone Yc 0.666 0.645 0 .670 0.679 0.665 0.695 0.688 
0.704 0 . 674 0 . 696 0.680 
appears M f 0.162 0.164 0.165 0 .167 0.168 0.167 0.172 0 .169 0 .174 0.172 0 .1 75 
cc 
max. time 15.88 14.82 14.83 14.81 14.26 14.05 13.62 12.32 12.52 12.20 11.95 
extent Yc 0 . 011 0.014 0.011 0 . 012 0 . 014 0.012 0.011 0.017 
0.015 0.016 0.021 
semi- Mcc f 0 .187 0.187 0.190 0.191 0 .191 0.193 0.199 0 .195 0 . 210 0 . 214 0 . 215 
cony . Mscz f 0 . 283 0.284 0.286 0.288 0 . 287 0.293 0.296 0.292 0.306 0.311 0.309 
zone 
Y 0 time 16.07 15.08 15.01 14.96 14.47 14.21 13.77 12.52 12.37 
c 
envelope} red # 0.032 0.045 0.046 0.050 0 . 056 0.063 0.075 0.100 
mass(M) blue 0.027 0.037 0 . 039 0 . 044 0 . 050 0 . 058 0.070 0.096 
0 
passages Ml § 23.5 5 .2 5.1 4.8 4.8 5 . 25 7.1 27 426. 
through Ll 2.33 2 .17 2.16 2.13 2 . 09 2 .05 2.02 1.94 1.91 
instab- tlt2 23.5 16.5 17.2 42.5 52.0 
ility L2 2.33 2.24 2 . 23 2 . 20 2 . 18 
strip tlt3 17l. 78. 197. 
L3 - 2.92 2.43 2.28 
V1 
J:> 
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zone reaches its maximum outward extent , coincides with the maximum size 
of this zone as well as with the last model possessing such a zone. The 
stellar envelope mass at the minimum in effective temperature reached 
following the exhaustion of helium in the core , and at the subsequently 
reached bluest point , are given in rows 10 and 11 in table 1. The 
individual evolutionary t~acks are shown in more detail in figure 3 , 
where the time elapsed from the zero-age horizontal branch (in units of 
10 7 years) is indicated along each track and the stellar env lore mass 
given at selected points. 
Early Evolution 
In the stars less massive than M536-Y 30 , the luminosity of the 
helium-burning core is greater than that of the hydrogen-burning shell 
which declines in strength as the convective core grows. As helium 
approaches exhaustion in the core , the energy output of the core drops 
and these stars evolve slightly to the blue until the hydrogen-burning 
shell strengthens and they move rapidly to the red. In the more massive 
stars , the hydrogen shell luminosity initially exceeds the core luminos-
ity. With evolution, the core grows in size and luminosity , the shell 
luminosity falls and the star moves bluewards. Howe ver when Y falls c 
below 0 . 4 in the case of M550-Y 30 , for example , the core luminosity begins 
to drop , the shell luminosity rises and the star moves to the red. Since 
the less massive stars consume core helium less rapidly, their horizontal -
branch lifetimes are longer than those of the more massive stars, as can 
be seen in tabl 1. 
The stars move rapidly in the H-R diagram after the disappearance 
of the semiconv ctive zone and particularly after helium is exhausted in 
the cor. For xample, M536-Y30 moves from the point indicated for the 
disappearance of semiconvection to that indicated for central helium 
exhaustio~ in figures 2 and 3,in 2.1 x 106 years and requires only a 
FIG. 3. - Details of the evolutionary tracks of the variable 
total mass, Y = 0.3 series. Symbols are as in figure 2. The 
time spent in units of 107 years is marked by ticks. Where no 
value is given the ticks are equally spaced in time. The envelope 
mass at various stages is indicated by the numbers following the 
letter E and the 0.6 M instability strip is shown. The evolution-
o 
ary track of M521 is shown, where it is distinguishable from 
MS19 by the dotted curve in figure 3b. 
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further 3 x 10 5 years to reach the red giant region. These timescales 
for the post-horizontal-branch evolution to the red are more rapid than 
the timescales (of the order of 10 7 years) for models computed without 
taking into a ccount core overshooting or semiconvection (Iben and Rood 
1970 ). It should also be noted that stars more massive than 0.64 M 
6 
s ti ll possess a semiconvective zone when passing through the instability 
strip and thus spend longer in this region than less massive stars by a 
facto r of 100 or more. This will be dis c ussed in more detail later. 
Blueward Noses 
After the exhaustion of helium in the core, helium burning occurs 
in a shell whic h progressively narrows and grows in luminosity. Even-
tually this rise in helium shell luminosity causes the overlaying 
layers to expand, and as a result the energy output of the hydrogen 
shell begins to decline. This phase corresponds to the most redward 
po int reac hed on each track following helium core exhaustion. In many 
r e spects this is similar to the behaviour of double-shell-source stars 
during helium shell flashes on the second giant branch. As a result 
of the fall in the luminosity of the hydrogen-burning shell the surface 
luminosity drops, the envelope contracts and the star moves to the blue. 
A small convective zone in the helium-burning shell sometimes develops. 
This blueward movement is halted as the hydrogen-burning shell begins 
to regain its strength. Unlike following strong helium shell flashes , 
however, the luminosiosities of both shells then rise together. The lumin-
osity of the hydrogen-burning shell eventually overtakes that of the 
helium-burning shell at the points illustrated by filled squares in 
figure 2. The extent of the blueward movement is determined by the 
envelope mass (and composition) as is also found during helium shell 
flashes . It can be seen from figures 2 and 3 and table 1 that these 
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"blueward noses" are appreciable in extent if the envelope mass at the 
time is below 0.06 M 
(;) 
This corresponds to stars having a total mass 
M ~ 0.56 M and an effective temperature, log Te ~ 4.1 on the horizontal 
(;) 
branch. Characteristically about 2.5 x 10 6 years and 8 x 106 years 
are spent in moving blueward and redward along the nose. 
Depending on the envelope mass, a star may enter the instability 
strip several times as a result of the readjustments between the two 
shells. All stars, excepting MS02-Y30, cross the instability strip 
following exhaustion of helium in the core. This will be referred to 
as the first crossing, and is on a short time scale « 10 5 years) 
unless the star still possesses a semiconvective zone as it passes 
through the instability strip. The stars of M > 0.55 M do not re-
(;) 
enter the instability strip as a result of the subsequent readjustments 
in shell luminosities. The resultant blueward crossing undergone by 
stars of lesser mass will be referred to as the second crossing , and 
the following redward crossing, undergone by such stars as MS27-Y30, 
as the third crossing . A relatively long time is spent in the bluest 
part of the nose~ as can be seen from figure 3. Thus the total time 
spent in the instability strip by a particular star depends strongly 
on where in relation to the strip the bluest point of the nose falls, 
which in turn depends on the envelope mass of the star at this stage. 
It should be noted again that only the bluest horizontal-branch stars 
can later produce such noses. The time spent (in units of 104 years) 
in the instability strip and the luminosity of each crossing is 
presented in rows 12 to 17 of table 1 for each of the three types of 
crossing. For stars of M < 0.55 M , a 0.5 M instability strip con-(;) (;) 
structed from the work of Tuggle and Iben (1972) wa s used to obtain 
these data. 
- ....... ~ 
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Advanced Evolution 
As mentioned above, the MS02-Y30 star did not reach the red 
giant region after the exhaustion of helium in the core , and even 
though the luminosity of the hydrogen-burning shell did surpass that of 
the helium-burning shell as indicated in figure 2 , the star remained 
in the blue as a result of its small envelope mass. Soon after this, 
the helium-burning shell began to oscillate in strength producing small 
variations in the surface luminosity. A strong oscillation is respons-
ible for the luminosity variations near the end of the evolutionary 
track in figure 3a. The computations were terminated at the beginning 
of a strong helium shell flash when the envelope mass had been reduced 
to just 0.003 M . (1) 
The MS21-Y30 and MS19-Y30 stars did not have sufficient mass 
above the hydrogen-burning shell to be able to reach the giant branch 
following the "blueward nose" phase. When the envelope mass of M519-Y30 
was reduced to 0.02 M the star began to evolve slowly blueward and (1) 
moved rapidly to the blue when the envelope mass was reduced by a 
further 0.005 M. Oscillations in the strength of the helium-burning (1) 
shell caused the irregularities in the evolutionary track during these 
stages. The slightly more massive M521-Y30 star spent a considerable 
time (1.7 x 106 years) in the instability strip before its envelope 
mass was reduced sufficiently to allow the star to evolve blueward. 
This type of entry into the instability strip will be considered to be 
of the third type in later sections of this paper. 
When the envelope mass of M527-Y30 was reduced to 0.022 M(1)' the 
star began to evolve slowly to the blue whilst rising in lumin~sity, 
until, with the envelope mass < 0.015 M(1) the predominant direction of 
e volution was bluewards. Two strong oscillations of the luminosity of 
the helium-burning shell gave rise to the blueward spikes that can be 
F 
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seen in figure 3c. This was followed by a helium shell flash which 
produced the large (and rapid) blueward loop. The computations were 
terminated at the beginning of the second shell flash of this relaxa-
tion cycle with the envelope mass reduced to 0.01 M. When M536-Y30 
e 
had climbed to log L/L = 3.02 on the second giant-branch and had an 
e 
envelope mass of 0.018 Me it underwent a helium shell flash and began to 
execute a rapid blueward loop as a result. 
On the other hand the more massive stars are not expected to 
undergo any blueward movements until their envelope masses are reduced 
to ~ 0.02 Me and they have ascended the second giant branch to higher 
luminosities . The M570-Y30 star, for example, first underwent a major 
shell flash when log L/L 
e 
3.08. However it did not leave the giant 
branch since its envelope mass of 0.043 M was too high to allow any 
e 
marked blueward movements. 
(ii) Y = 0.20. It is well known that, all other parameters being 
the same, a horizontal-branch star with a small helium content in the 
envelope will be relatively red. Mengel (1972, 1973) has shown that a 
star with a higher envelope helium content will undergo larger blueward 
loops in response to a shell flash than a star with even less mass in 
the envelope but lesser helium content. It follows that the "blueward 
noses" described above will also occur at Y = 0.2 but will require a 
smaller stellar envelope mass before they are of an appreciable extent. 
Evolutionary tracks for three different envelope helium abundances with 
all other parameters being the same are shown in figure 4. Note that 
the effects of envelope helium abundance mentioned above are reinforced 
by the fact that following the end of core helium burning the envelope 
mass remaining is smaller in the higher-Y stars. The evolutionary 
tracks for the series of models with core mass 0.4664 M and Y = 0.20 o 
are shown in figure 5 and the individual tracks shown in more detail in 
FIG . 4. - The effects of envelope helium abundance are shown 
by evolutionary tracks of 0.519 M stars with Y = 0.20, 0.25 and 
o 
0.30. Symbols are as in figures 2 and 3. 
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figure 6 . The instability strip shown is constructed from the 0 . 6 M , 
o 
Y = 0 . 20, blue e dge of Tuggle and Iben (1972) . The main features are 
essentially similar to the Y = 0 . 3 series with the horizontal branch 
being l ess luminous by the amount expected from previous studies (e.g. 
Iben and Rood 1970). The horizontal branch, as defined by the e volu-
tionary tracks up to the disappearance of the semiconvective zone is 
narrower, particularly at the red end , than in the Y = 0 . 3 series and 
the "blue ward noses" sharper. The c hange in direction of horizontal-
branch e volution occurs for stars slightly more massiv e than M555-Y20, 
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and stars more massive than M570-Y 20 will still possess a scmiconvectivc 
zone a s they traverse the instability strip. Some details are given in 
table 2 . 
In most of the evolutionary sequences constructed the semiconvec-
tive zone disappeared quite smoothly when both the minimum and maximum 
(farther out in the star) of the radiative gradient, characteristic of 
these semi convective zones, become less than the adiabati c gradient. 
However, the convective core of M600-Y20 underwent an instability of t he 
kind discusse d by Sweigart and Demarque (1973). As the fuily convective 
core and semiconvective zone grew, the central helium abundance decreased 
fairly smoothly until, with M = 0.19 M and M = 0.286 M , Y 
cc 0 scz 0 c 
reached 0.017 and the semiconvective zone was only marginally present. 
Almost independently of the time step used, the fully convective core 
extended to 0 . 25 M in the next model constructed, and material out to 
o 
0.33 M~ was brought into the convective core, causing Y
c 
to rise to 0.16. 
Because the minimum in the radiative gradient rapidly fell below the 
adiabatic gradient, the semiconvective zone established at this stage 
soon vanished and the convective core shrank to 0.16 M. The convective 
o 
core th n shrank in a steady way as h e lium was exhausted in t he core 
and no further semiconvective zones de veloped . This instability led 
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NOTES TO TABLE 2 
tTime is in units of 10 7 years from the commencement of core 
helium burning. 
fM and M are the mass (in M
0
) interior to the outer edge of 
cc scz 
the fully convective core and semiconvective zone respectively. 
#The stellar envelope mass (in M
0
) at the reddest point follow-
ing the end of core helium burning and at the maximum Te of 
the "blueward nose". 
§The time (in units of 10 4 years) spent in the instability strip 
and the log L/L of the three types of crossing described in 
o 
the text. 
~ ~-~-
TABLE 2 
Y 0.2 M 0.4664 
c 
Total Mass (M ) 0.502 0.507 0.510 0.519 0.536 0.555 0.570 0.600 0.640 0.700 
0 
Initial Env. Mass 0.036 0.041 0.044 0.053 0.07(, 0.089 0.104 0.134 0.174 0.234 
semi-
timet 3.379 3.242 3.195 3.596 3.085 3.279 3.245 3.588 3.178 3.335 
cony. 
zone Yc 0.694 0.702 0.703 0.670 0.703 0.690 0.693 0.661 0.697 0 .685 
appears Mcc f 0.165 0.162 0.165 0.160 0.162 0.168 0.167 0.169 0.166 0 .170 
max. time 15.73 16.12 15.59 15.22 14.97 14.59 14.31 {13.62 13.85 
extent Y 0.014 0.011 0.012 0 .017 0.012 0.014 0.013 {0.018 
c 0.165 
semi- Mcc f 0.188 0.186 0.187 0.188 0.188 0.190 0.192 {0.191 0.248 
Mscz t 0.281 0.283 0.282 0.282 0.286 0.285 0 .287 {0 . 286 cony. 0 . 332 
zone 
Y 0 time 16.02 16.30 15.88 15.50 15.24 14.87 14.52 15.32 
c 
envelope} red 1/ 0.034 0.038 0.409 0.049 0.063 
mass (M) blue 0.030 0 .035 0.037 0 .045 0.059 
<!) 
passages lit \ 6.68 5.30 5.30 5.30 8.20 38.0 285. 3280* 
through L\ 2.12 2.05 2.01 1.87 1.80 1.71 1.63 1. 51 
ins tab- ~t2 8.62 18.0 40.0 82.0 
ility L2 2.15 2.10 2.08 2 .01 
strip lIt3 129. 120. 159. 82.0 
L3 -2.55 2.26 2.19 2.01 
* 
For "breathing 'loop" add 340 x 104 years at log L/L 1.57 
-.J <!) 
'" 
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to a very rapid blueward movement in the H-R diagram before the star 
resumed its redward evolution which, it is interesting to note, then 
occurred on a timescale more in accordance with the results of the 
sequences of Iben and Rood (1970) which did not include a treatment of 
semi convection in their construction. This type of instability occurred 
in many of the sequences constructed, although the increase in both 
convective core size and Y
c 
was insignificant in nearly all cases. 
Strong doubts must be raised about the numerical tre atment employed 
here during this instability. As demonstrated by Sweigart and De~arque 
(1973), the instability found is certainly real, given the general treat-
ment of semiconvection employed, and basically arises because, if Y
c 
is 
sufficiently small, a small positive perturbation to Y , (presumably 
c 
arising physically by overshooting) wi_l lead to a relatively large 
increase in the energy generated in the core by the triple-a reaction. 
However,the treatment of this phase used here is of doubtful physical 
meaning since a large amount of material between Mr = 0.25 Me and 0.33 
M was mixed into the convective core assuming instantaneous convective 
e 
overshooting during the construction of a single model with an arbitrary 
timestep. Nevertheless, the overall result appears to be similar to 
that of Sweigart and Demarque (1973) who used the relationship given by 
Castellani et al. (1971) for the amount of overshooting that occurs at 
the core edge during a time step. Clearly the termination of semi-
convective zones exterior to helium burning cores requires further 
investigation. 
b) Variable Core Mass Sequences 
Th evolu jonary I·. racks in th~ II -H di<lqram For Y (J. l mo'f,· J /: 
with a total mass of O.~7 M(!) and u ron<jt! of ini.tidl cor<' 
shown in figure 7, and in individual detail in figure fl. Some r e l va nt-
information is given in table 3. If we are to postulate variabl 
FIG. 7. - Evolutionary tracks for stars in the variable initial 
core mass series. Tracks are labelled by initial core mass. 
Symbols are as in figure 2. Note that the points where L(H shell) 
exceeds L are not shown for all tracks. (He shell) 
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FIG. 8. - Details of the evolutionary tracks of the variable 
initial core mass series . Symbols are as in figures 2 and 3. 
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NOTES TO TABLE 3 
t Time is in units of 10 7 years from the commencement of core 
helium burning. 
fMcc and Mscz are the mass (in Me) interior to the outer e dge of 
the fully convective core and semiconvective zone respectiveJy. 
#The stellar e nvelope mass (in M ) at the reddest poillt follow-
e 
ing the end of core helium burning and at the maximum Te of 
the "blueward nose " . 
§The time (in units of 104 years) spent in the instability strip 
and the log L/Le of the three types of crossing described in 
the text . 
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TABLE 3 
Y 0.3 M = 0 . 57 M 
0 
Initial core mass 0 .550 0 .54~ (M ) 0 .5 34 0.525 0 .517 0 .500 0.475 
0 
Initial Env. Mass 0.020 0.025 0.036 0.045 0.053 0 .070 0.095 
semi-
1 
timet 2.352 2 .4 77 2.039 3.432 3.800 2.907 3.041 
conv. 
zone Yc 0.637 0.641 0.700 0.560 0.539 0.656 0.686 
appears M t 0.200 0 .195 0 .194 0.191 0.187 0.182 0.173 
cc 
max. time 9.301 9.416 {9.649 9.781 10. 10 10 .52 11.40 12.55 
extent Y 0.016 0 . 013 {0.015 0.015 0.013 0 .011 0.027 
c 0.151 
semi- M 
cc t 0.227 0.220 {0.218 0.284 0.217 0.212 0.206 0.201 
Msczf 
, 
0.323 0.319 {0.315 0.313 0.309 0.305 0.296 conv. 0.362 
zone 
Y 0 time 9.453 9.549 10.75 10.28 10.67 11.53 12.92 
c 
envelope} red # 0.042 0.048 0.058 0.073 
mass(M ) blue 0.040 0 . 045 0.056 0.068 
0 
passages lItl 4.40 3 .80 6.06 
through Ll 2.35 2 .19 2.05 
ins tab- lIt2 7 .65 24.4 
ility L2 2.37 2.25 
strip lit) 13.3 16.6 30.0 44.0 106. 
L) 2.90 2.67 2.50 2.39 2.27 
initial core mass as an alternative to differential mass loss as a 
means of explaining the color-magnitude diagrams of globular cluster 
horizontal branches, it would seem inadvisable to use such a low total 
mass as has been chosen here, since this value already calls for mass 
loss of at least 0 .1 M prior to the horizontal-branch phase. Never -
o 
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theless,we can probably expect the use of both higher total and initial 
core masses to give similar evolutionary tracks to those found here. 
The evolutionary tracks for these stars bear mu ch similarity to 
the tracks described earlier. The horizontal-branch lifetimes o f the 
b l ue stars however, are shorter than the redde r stars bec ause of their 
inc r eased core luminosities. Substantial "blueward noses" occur for 
stars of larger e nvelope mass than in the variable total mass series 
with Y = 0.3. Because of the higher gravity at the base o f the hydrogen-
burning shell in the higher initial core mass models during the double-
shell-source phase, nearly all these stars are able to reach the 
s cond giant-branch , unlike the stars with similar envelope mass but 
smaller total mass considered in part (a) above. 
A "bre athing loop" similar to the one found in the M600-Y20 star 
is encountered by the C534 star when its central helium abundance falls 
below 0.015 . The reversal in the evolutionary track at the epoch 
10 .8 X 10 7 years (figure 8c) corresponds to the cessation of convection 
in the core and the small loop that occurs at epoch 11.1 x 10 7 years 
arises due to the subsequent readjustments in shell luminosity and thus 
corresponds to the "blueward noses" found in models with smaller 
initial core mass. The loops on the C545 and C550 tracks also corres-
pond to this phase . 
Note that in table 3 the crossing of the instability strip by 
stars such as C534 is considered as a crossing of the third type since 
it occurs following the shell readjustments. The timescales for cross-
in he in ·,tability strip are similar to those f ound i n the variab l e 
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total mass sequences except that third crossings at higher luminosities 
are more rapid here. All the stars with variable initial core mass 
rose to log L/ L > 3 before undergoing their first major helium shell 
o 
flash . Thus it follows that most, if not all, of any blueward loops 
into the instability strip undergone as a result of helium shell flashes 
will occur at higher luminosities. The C534 star underwent a shell 
flash when its envelope mass was less than 0.017 M and it is probable 
o 
that this would result in a substantial blueward loop although the 
computations were not carried far enough to be certain. The C550 and 
C545 stars evolved under relatively quiescent conditions to the blue 
whe n their envelope mass fell below 0 . 013 M and 0. 0 15 M respectively. 
o 0 
V. THEORETICAL LUMINOSITY DISTRIBUTION OF 
POPULATION II CEPHEIDS 
Before we can compare the distribution in luminosity of Popula-
tion II Cepheids predicted by the models described in the last section 
with the observe d luminosity distribution (figure 1), the timescales and 
luminosities of the passages through the instability strip, undergone by 
second giant-branch stars in response to helium shell flashes and during 
the slower final blueward evolution, are required. It is not straight-
forward to estimate the depende nce of the duration of these passages on 
stellar mass and composition from the present wo rk. The time spent 
within the instability strip depends critically on when a helium shell 
flash of sufficient magnitude to drive blueward loops occurs given the 
envelope mass of the star at the time. The star may already have begun 
its quiescent evolution to the blue when this flash occurs since the 
relaxation oscillation cycle period is somewhat shorter than the time-
scale of the final blueward evolution. The M527-Y30 star for example, 
might well have entered the instability strip earlier than found here 
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if a helium shell flash of sufficient strength had occurred slightly 
earlier. Alternatively , if the strong oscillations in the luminosity of 
the helium shell had occurred later, the star might well have quiescently 
evolved to effective temperatures substantially hotter than the blue 
edge of the instability strip before undergoing any shell flash loops in 
the H-R diagram. Further uncertainties in the time spent in the ins tab-
ility strip can be introduced if early helium shell flashes on the 
second giant branch are suppressed (Mengel 197 2 , 1973) or the hydrogen 
she ll is advanced artificially (Gingold 1975). 
There is also evidence that the occurrence of blueward movements 
depends not only on envelope mass, composition and the strength of the 
shell flashes, but also on the separation of the helium and hydrogen-burning 
she lls , and is possibly code dependent. The 0.6 M star studied by 
o 
Mengel (1973) left the second giant branch in response to a strong 
helium shell flash when the envelope mass was 0.019 M0 and at a lumin-
osity of log L/ L - 3.4. In contrast, the similar M600- Y30 star which 
o 
had a slightly higher envelope helium abundance underwent somewhat 
stronger shell flashes when the envelope mass was 0.019 M0 and 0.012 M0 
but did not undergo substantial blueward loops as a result (Gingold 1974) . 
When the envelope mass was reduced below 0 . 012 M0 the star began to 
evolve predominantly bluewards and during the next strong shell flash, 
with the envelope mass 0.005 M and log L/ L _ 3.7, the star underwent 
o 0 
large blueward loops. These differences could possibly be due to the 
larger separation of the nuclear-burning shells in Mengel ' s work, which 
in turn could be due to the treatment of semi convection employed during 
core helium burning , since, although the hydrogen-burning shell was 
located at the same position at the end of this phase in the above 
quoted works , the helium exhausted core was approximately 0.03 M0 smaller 
in the star studied by Mengel . As pointed out by Demarque and Mengel 
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(1972) it is likely that the extent of the semiconvective zone was under-
estimated in this star. Nevertheless the helium-burning shell might have 
been expected to eventually burn outwards to a similar separation from 
the hydrogen-burning shell. Alternatively the occurrence of blueward 
movements and hence the total time spent in the instability strip could 
be quite sensitive to the physical treatment of the outer layers of the 
star (Sweigart 1973). 
Despite these uncertainties useful limits to these timescales 
may be obtained. 
The M600-Y30 star spent less than 10 4 years as a result of shell 
flash loops, and about 4 x 10 4 years as a result of quiescent evolution, 
in the instability strip. These timescales are similar to those found 
by Mengel (1973), but, as pointed out by that author, the total time 
spent in the instability strip could well be as high as 20 x 10 4 years 
given the abovementioned uncertainties. The M527-Y30 star spent 17 x 10 4 
years during its quiescent blueward evolution in the instability strip at 
log L/L _ 3 . Since the hydrogen-burning shell advanced by 0.0013 M 
o 0 
during each relaxation cycle period ( - 12 x 10 4 years) , we could expect 
at most another four flash cycles before the star leaves the region of 
the instability strip altogether . Thus the maximum time we could expect 
this star to spend in the instability strip is approximately 40 x 10 4 
years, although a more likely estimate is only about 50% of this value. 
Although from the work of Mengel (1973) we can generally expect 
stars of higher envelope helium abundance to undergo blueward movements 
with larger envelope masses than stars of lower helium abundance, the 
uncertainties mentioned above make it difficult to establish this 
quantitatively from the evolutionary models presented in this paper. 
Th M507-Y20 star underwent blueward loops in response to a shell flash 
wh n the envelope mass was 0.017 and as a result spent 1.8 x 10 4 years 
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in the instability strip at log L/L _ 2.6. With the hydrogen shell 
o 
advancing by approximately 0.001 M during a relaxation cycle period of 
o 
about 20 X 10 4 years we could expect at most five more shell flash cycles 
before the star moves permanently to the blue. As discussed by Mengel 
(1972) the final quiescent evolution to the blue is on a longer timescale 
for stars of lower luminosity. The M600-Y30 and C545 stars spent 4 x 104 
and 13 x 10 4 years in the instability strip during this phase at 
log L/ L - 3.7 and 3.2 respectively, whilst the M527 - Y30 spent 17 x 10 4 
o 
years at log L/ L - 3. Disregarding the differences between the above-
o 
mentioned stars , we can expect the M507-Y20 star to spend no more than 
about 25 X 10 4 years in the instability strip during this phase, giving 
a total time spent in the strip of between _ 20 x 10 4 and 40 x 10 4 years . 
A summary of these estimates is presented in table 4 . 
TABLE 4 
ESTIMATES OF TIME SPENT IN INSTABILITY STRIP DURING ADVANCED EVOLUTION 
*lIt . (10 4 yrs) qUl.escent 
(10 4 yrs) 
Relaxation cycle Period 
Advance of H shell 
in Mr per cycle 
Maximum no. of flash 
cycles estimated 
+lIt (10 4 yrs) T max 
M600-Y30 M527-Y30 M507-Y20 C545 
4 17 13 
<1 1.8 
_15 12 20 7 
0.0070 0.0013 0.0010 0.0010 
4 5 
20 40 40 
Notes * Time spent in instability strip during quiescent blueward 
evolution 
t Time spent in instability strip during one flash cycle 
:j: Maximum estimated time spent in instability strip 
In the following analysis it is assumed that the time spent in 
the instability strip during these final crossings of the instability 
strip varies inversely with mass and is independent of Y. Two sets of 
timescales are used, one representing the maximum expected value, which 
varies from 50 x 10 4 years for low mass stars to 20 x 10 4 years at 0.6 
M
0
, and the other, the lower limits given above (which are perhaps more 
realistic) of 20 x 10 4 years to 4 x 10 4 years. 
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The luminosity with which a star of a given mass may be expected 
to leave the second giant branch is to some extent subject to the un-
certainties mentioned earlier in this section. By plotting the lumin-
osity versus the core mass for Y = 0.3 models on the second giant branch 
(at least for stars of small envelope mass and log L/ L < 3, the L-M 
o c 
relation depends on total mass and Y) and assuming that a star will leave 
the giant branch when its envelope mass falls below about 0.015 M
0
, it 
is possible to estimate the luminosity that stars (of Y = 0 .3) in the 
mass range 0 . 52 M to 0.6 M will reach before leaving the giant branch. 
o 0 
If the major part of the time spent in the instability strip results 
from the final blueward evolution, then this luminosity will also be 
that at which the star crosses the instability strip. If, on the other 
hand, the majority of the contribution comes from flash loops, this 
luminosity will be somewhat high, especially for more massive stars as 
can be seen from the evolutionary track of M600-Y30 (figure 3a). The 
derivation of the upper limit to the time spent in the strip given in 
the preceding paragraph relies largely on the assumption that the star 
undergoes several flash loops into the instability strip . Therefore the 
luminosities of crossings of the strip used below for this maximum case 
have been reduced (by about 0.2 and 0.1 in log L/L for greater and 
o 
le sser mass stars respectively) below the luminosity otherwise used. 
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In producing the theoretical luminosity distributions it will be 
assumed that there is a flat distribution of blue stars (in either total 
mass or initial core mass) on the zero-age horizontal branc h. The 
results obtained here will be seen to depend largely on the most extremely 
blue horizontal-branch stars. As pointed out by Newell (197 0 ), these 
stars are not easy to de tect due to observatio nal sele c tion e ffe c ts and 
no thing c an be said about relative numbers at diffe rent colors. Some 
discussion o f possible effects on the results o f abandoning this assump-
tion are made in the ne xt section. 
The theoretical luminosity distribution for the variable total 
mass series is c onstructed as follows. By plotting log L/ L0 against 
mass for each of the three types of crossings in turn, we c an determine 
the range in stell a r mass that will contribute stars to the instability 
strip in a given inte rval of luminosity. By furthe r p lotting the time 
spent in the instability strip for e ach type of crossing (in units of 
1 0 4 years) and then integrating under this curve over the appropriate 
mass range, we can obtain a quantity that is proportional to the number 
of stars we would expect within the given interval of luminosity as a 
result of the partic ular type of crossing under consideration. (A non-
flat mass distribution on the zero-age horizontal branch may be included 
by simply mUltiplying this quantity by the relative number of stars in 
the appropriate mass range). The plotting of time spent in the instab-
ility strip against mass involves interpolation between such tracks as 
M550-Y30 and M536-Y30 to find the mass of a star whose "blueward nose" 
just reaches the blue edge of the instability strip, as well as the time 
spent in the strip by such a star. Similarly, interpolations are needed 
to find over what range of stellar mass, advanced evolution will carry 
stars through the instability strip in the manner of M521-Y30. Stars 
slightly more massive than M502-Y30 will also enter the strip. It is 
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appropriate to use the envelope mass posse sse d by the sta r a t the r e l e v-
ant points to perform these inte r pol ations and to the n convert to total 
mass. In the case of the variable initial core mass series t he ana l ysis 
was similar, with the initial core mass replacing the total mass as the 
fundamental parameter. 
Since the grid of sequences constructed was not arbitrarily fi ne , 
the form of the resulting time interval in the instability s t r ip ve r s us 
mass curves was uncertain in some regions. The ana lysis has the r e f or e 
been performed for what i s expected t o be the maximum time i nterva l 
spent in the strip at a give n mass, and aga i n for the time i n t e r val tha t 
seems most likely. The end result in both cases wa s substan tially the 
same. 
The final theoretical luminosity distribution can then be obtaine d 
by adding together, in each interval of log L/ L , the contributi ons of 
e 
the three types of crossings together with the results of a similar 
analysis applied to the more uncertain luminosities of the blueward shell 
flash loops and final blueward crossing of the instability strip. The 
result for the Y = 0.3 variable total mass case is shown in fi gure 9. 
The dashed histogram is the result of using the maximum t ime int erva ls 
mentioned above. Stars in the mass range 0.52 ~ M/ Me ~ 0 .6 undergoing 
shell flash loops and their final blueward evolution are r e sponsible for 
the distribution at log L/ Le > 2.7 and a part of that betwe en 2.6 and 2.7. 
The solid histogram at these luminosities represents the shorter (and 
more likely) timescales mentioned at the beginning of this section. The 
dashed histogram extends only to log L/ L = 3.5 because, as discus·sed 
e 
above, the luminosities of the crossings contributing to it are reduced 
from those used in the other case. Although the present study provides 
no information at higher luminosities, the distribution can not be 
expected to falloff dramatically. The peak in the distribution around 
FIG. 9. - The theoretical luminosity distribution obtained 
from the variable total mass series with Y = 0.3. The solid and 
dashed histograms represent the lower and upper limits discussed 
in the text. 
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log L/L0 - 2 . 2 arises in the main from stars in the mass range 
0 . 50 ~ M/M0 ~ 0.55 in the "blueward nose" phase, and the weak peak near 
log L/L0 = 2.6 is mainly a result of crossings of the instability strip 
of the third type undergone by stars in a small mass range about 0.521 M 
o 
A similar distribution shifted in log L/L by approximately 0.1, 
o 
was found for the Y = 0 . 2 variable total mass case (figure 10) for 
log L/ L0 ~ 2.6. The distribution of more luminous Cepheids has bee n 
assumed to be the same as in the Y = 0 . 3 case with an appropriate shift 
in luminosity. The variable initial core mass series yie lds a slightly 
different luminosity distribution (figure 11) that is more shar ly 
peaked, falling off rapidly for log L/L > 2 . 4. This is due to the more 
o 
rapid third crossings at high luminosity found in this case. Note that 
the contributions of stars undergoing blueward flash loops and finally 
evolving to t h e blue, are not included in figure 11, since little 
information about these timescales is available. 
VI. DISCUSSION 
a) Variable Total Mas Case 
During the slow evolution to the red characteristic of the final 
stages of core helium burning with a semiconvective zone still present, 
stars of progressively lower mass pass through the instability strip at 
increasing luminosities on long timescales ( _10 7 years). In the low-mass 
stars , however, this semiconvective zone disappears before the star 
reaches the blue edge of the instability strip, and the passage through 
the strip is then on a relatively rapid times ale ( - ] 0" years). Thus 
there will be a finite width in luminosity to the RR Lyrae variable strip. 
In the Y = 0.3 (Y = 0 . 2 ) case , stars less massive than _0.64 M0 (0 . 57 M0 ) 
pass rapidly through the instability strip at log L/L - 1 . 9 (1.7) while 
o 
FIG. 10. - The theoretical luminosity distribution obtained 
from the variable total mass series with Y = 0.2 . 
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FIG. 11. - The theoretical luminosity distribution obtained 
from the variable initial core mass series. The contributions 
from shell flash loops and the final blueward evolution for stars 
with initial core mass less than 0.545 M are not shown. 
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more massive stars spend a considerable time in the strip burning helium 
in the core . Thus the expected width in luminosity of the RR Lyrae strip 
is of the order of 0.6 mag and 0.5 mag in the Y = 0.3 and 0 . 2 cases 
respectively, with a gradual tapering o ff in the number of variables at 
the highe r luminosities. These values, though slightly high, are not 
inconsistent with the wid th observed in globular clusters (Geyer and 
Szeidl 1970). Any discrepancy could be attributed to the uncertainty in 
the general treatment of the semiconvective zone , e specially of its 
termination. The lack of variables in gap 1 of figure 1 is then attrib-
utable to the rapid redward evolution of less massive stars through the 
instability strip , and the variables in group 1 identifiable with the 
relativel y slow movements ( _10 6 years) through the strip undergone by 
these stars during the "blueward nose" phase. This interpretation of 
the evolutionary status of the BL Her type variables differs somewhat 
from that offered earlier (Strom e t al . 1970), in that the stars have 
previously reached the asymptotic giant branch following core helium 
exhaustion. Even within a single cluster , it is not possible to make 
a meaningful comparison between the observed ratio of BL Her type vari-
ables to horizontal-branch stars, and the ratio of the relevant theoretical 
lifetimes, b ecause the number of very blue horizontal-branch stars 
observed (which later would undergo "blueward noses") is limited by 
selection effects (Newell 1970; Norris 1974). All that can be said is 
that the theoretical timesc ales are not unreasonable. However, as will 
be shown in the fol lowing, a useful comparison between the observed and 
the theoretically predicted relative numbers of BL Her and W Vir type 
variables can b e made despite uncertainties in the distribution of stars 
on the horizontal bran c h. 
The complete absence of variables in gap 2 of figure 1 probably 
results from the small number of stars in the sample (see figure 7 of 
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Kraft 197 2). However, it is clear that the evolutionary models presented 
here do not explain the relatively large numbers of variable in group 2.* 
Stars in a small mass range around such stars as MS2l-Y30 produce, during 
their third crossing of the instability strip, a part of the weak peak at 
log L/L - 2.7 in figure B. Unfortunately this mass range is too small to 
o 
produce enough group 2 variables. Also the time spent in the strip by low 
mass stars undergoing shell flash loops and their final blueward evolu-
tion is too short,compared with the timescales of the "blueward noses", to 
produce enough variables at these luminosities. This is especially true 
if the lower, and perhaps more realistic limits to these timescales (solid 
histogram in figure B) are correct . If we assume that the upper limits to 
these timescales are appropriate , we are faced with another difficulty in 
that the distribution does not falloff at high luminosities 
(log L/ L ~ 3.2), whereas we could expect to observe few, if any, stars at 
o 
log L/L ~ 2.B on the basis of the lower limit his togram. The basic 
o 
cause of these difficulties is that the timescales of the flash loops and 
the final blueward evolution increase by too small an amount as we go to 
lower masses. 
There is considerable evidence that the Population II instability 
strip is wider by a factor of about 2 over the width used in the present 
analysis (Demers and Harris 1974). An e xamination of the relevant sections 
of the evolutionary tracks shows that little, if any, improvement in the 
relative number of variables in the two luminosity groups would be found 
if a wider instability strip were to be used in the analysis of each track. 
* The author ' s attention has been called to the following variables not 
included in figure 1: W Cen : VI; MBO : V2; MIO : VI; MIS: V72, VB6; 
M2 : VII. Although there is some doubt about the periods of some of 
these variables, the inclusion of these variables in figure 1 would make 
the disagreement between the theory and observation slightly worse than 
already indicated. 
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Nor can the relative number of variables in the higher luminos-
ity group be greatly increase d if the assumption of a flat distribution in 
mass on the blue horizontal branch is dropped. If itwere assumed that 
the majority of stars were of M ~ 0.54 M
0
, we could expect an increase in 
the relative number of variables at log L/L > 2. 5 arising from relatively 
o -
greater numbers of stars undergoing shell flash loops and their final blue-
ward evolution. However, the variables would be spread over a large range 
in luminosity, in conflict with the observations. In order to increase the 
relative number of variables in the more luminous group without doing this, 
it would be necessary to make the doubtful assumption that the distribution 
in mass is sharply peaked, there being about five times as many stars 
around 0 .5 2 M as around 0.54 M . 
o 0 
bJ Variable Initial Core Mass Ca se 
In this case the variables in group 1 of figure 1 can again be 
identified with the stars in the "blueward nose" phase. However, the rapid 
falloff in the time spent in the instability strip by the stars in this 
series during third crossings at higher luminosities, and the very small 
initial core mass range between C550 and C545 that will enter the instab-
ility strip (for times of the order of 106 years), combine to produce a 
sharp falloff in the numbers of variables predicted at higher luminosit-
ies. Moreover, shell flashes occurring in a particular star during its 
advanced second giant-branch evolution, when the core mass is large, are 
on a much shorter t imescale than earlier shell flashes (Gingold 1974). 
Thus it seems likely that any blueward shell flash loops undergone by 
stars in the variable initial core mass series with large core masses will 
be on relatively short timescales and will also be at too high luminosit-
ies (log L/ L0 > 3). 
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Thus although the hypothesis of a range of total mass on the 
horizontal branch has some difficulty in explaining the relative numbers 
of variables in the two luminosity groups, on the basis of the general 
appearance of the luminosity distribution of Population II Cepheids , it 
seems superior to the hypothesis of a range of initial core mass. 
c) Possible Ma Loss on the Second Giant Branch? 
The variable total mass s e ries makes the assumption that differ-
ential mass loss between stars has occurred prior to the horizontal-branch 
phase. If this mass loss occurs during the first ascent of the giant 
branch,it is not unreasonable to assume that it will also occur during the 
subsequent second giant-branch phase. Clearly if stars of M > 0.54 Me 
lost mass during this phase, they would leave the second giant branch at 
lower luminosities than otherwise expected and hence boost the number of 
predicted variables at log L/ L - 2.8 at the expense of those at 
e 
log L/ L - 3. If , as is not at all unlikely, there is also a relatively 
e 
greater number of more massive stars on the zero-age horizontal branch, it 
would then be possible to increase the ratio of the numbers of stars 
predicted in the two luminosity groups to the observed value. 
The argument for mass loss on the second giant branch is 
strengthened by the fact that very few stars are observed on the giant 
branch at luminosities greater than that achieved before the helium core 
flash. In the absence of mass loss, stars with M ~ 0.57 M can be expected 
- e 
to rise well above this luminosity for significant times during their 
double-sheIl-source evolution. Since the quiescent luminosity of a star 
on the second gjant branch is determined by the luminosity - core mass 
relation, however, any such mass loss would have to occur before the 
quiescent evolution carried the star above log L/ L _ 3 in order to aug-
e 
m nt the number of variables at log L/ L _ 2.8 . The case for mass loss on 
~ 
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the second giant branch is weakened by the fact that these luminosities 
are low compared with the luminosities at which first giant-branch stars 
mig h t be expected to undergo the bulk of their mass loss by a stellar wind 
type mechanism. 
On the other hand, mass loss on the giant branches could be 
rela ted to violent events such as the helium core flash at the tip of the 
first giant branch or helium shell flashes on the second giant branch. On 
the basis of their dynamical studies of a 0 . 86 M double-shell-source 
o 
star, Smith and Rose (1972) suggest that mass loss might occur during shell 
flashes at log Li L > 3 although mass loss is much more likely at higher 
o -
luminosities (Wood 1974). Further discussion must await dynamical studies 
of lower mass stars undergoing shell flashes. It should be noted that the 
amount of mass loss required here on the second giant branch is a factor 
of two smaller than that required, prior to core helium burning, to 
explain blue horizontal branches. 
Another possibi lity is that mass loss occurs during passages 
through the instability strip as a result of the envelope pulsations . This 
has been discussed in relation to the horizontal branch by Eggleton (1974). 
It is not clear, howeve~ if his suggestion will improve the situation dis-
cussed here. Stars whi ch are too massive to enter the instability strip 
will of course not be affected. Stars like M680-Y30 (fig. 3d) might be 
supposed to lose significant amounts of mass while in the instability 
strip during core helium burning. However, if they were to lose enough 
mass at this stage to leave the second giant branch at log Li L0 ~ 3, and 
thus increase the number of group 2 variables, we would also expect them 
to undergo "bl Uf~ward noses" into the instability strip and increase the 
number of group 1 variables as well. Stars like M570-Y30 enter the strip 
only briefly, albeit at higher luminosities, and thus may be expected to 
undergo little mass loss by this suggested me c hanism. The effect on the 
luminosi t y di f'tribu ion wo uld thus depend on the distribL' tion on the 7 'lliB , 
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It is also possible that the disagreement of the present evolu-
tionary models with the observations arises from the treatment of the 
semiconvective zone that appears during core helium burning. As discussed 
in §IV, the size of the helium exhausted core at the end of core helium 
burning may be responsible for the difference of 0.3 in log L/ L on the 
o 
upper second giant branch between M600-Y30 and a similar star studied by 
Mengel (1973). The lower luminosity found by Mengel during the final blue-
ward movements indic ates that the computations pre sented here could well 
spread the more luminous variables over too large a range in luminosity . 
It is also possible of course, that the timescales for shell flash loops 
have been underestimated using present input physics. 
Alternatively of course, the present treatment of the semicon-
vective zone might for some reason yield excessive time scales for the 
" blue ward nose " phase. Although the behaviour of M600-Y30 and the 0 . 6 M 
o 
star studied by Demarque and Mengel (1972) was similar during this phase, 
the depende nce on the internal struc ture following helium exhaustion in 
the c ore dese rve s further study. 
This paper has concerned itself with variables with periods less 
than about 30 days that are found only in globular clusters that have blue 
horizontal branches. The more luminous variables of longer period ( ~ 50 
days) that are found in greatest numbers in clusters with redder horizont-
al branches may also be accommodated within the above presented framework . 
If we assume that stars on the horizontal branch of these clusters are red 
because they are relatively massive, then they will neither undero "blue-
ward noses" nor leave the second giant branch (in the absence of mass loss) 
until they have reached high luminosities . Alternatively , clusters with 
red horizontal branches have in the main relatively high heavy element 
abundances. Although calculations are lacking, it could be expected that 
only those high Z stars with a very small envelope mass would undergo an 
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appreciable "blueward nose". From the (Y , Z) = (0.3, 0 . 001) , M = 0 .466 M 
c e 
series constructed here we would expect that only high Z stars substantially 
less massive than 0 . 55 M would yield a "blueward nose". However , such low 
e 
mass stars are unlikely to exist in clusters with red horizontal branches. 
A 0 . 56 M star having (Y,Z) = (0.3 , 0 . 01 ) with M = 0.475 M , evolved by 
e c e 
Sweigart and Gross (1973) and displayed by Caputo and Castellani (1975) , 
although commen cing core helium burning to the red of the instability 
strip , spent much of its horizontal-branch lifetime in the blue, despite 
its relatively high Z.* Thus we can expect only very luminous variables 
in clusters with red horizontal branches as is in fact observed. 
VII. SUMMARY 
In summary then, the first group of variable stars lying above 
the horizontal branch (BL Her stars) in globular clusters with blue hori-
zontal branches, may be identified with low mass stars evolving first blue -
ward, and then redward through the instability strip ("blueward noses " ) in 
response to the readjustments between the hydrogen and helium shell lurnin-
osities following the exhaustion of helium in the core . Unless a star 
possesses a semiconvective zone around its helium burning core when it 
first passes through the instability strip (in which case it would appear 
as a more luminous RR Lyrae star) ,it will do so on a short timescale. 
There is some uncertainty in identifying the more luminous Population II 
Cepheids (W Vir stars ) with stars wither undergoing blueward loops from 
the second giant branch in response to helium shell flashes or finally 
evolving blueward as the hydrogen-burning shell nears the stellar surface . 
* This has been recently verified by the author . A 0.55 Me star 
(M
c 
= 0.466 Me) of the same composition spent only _10 7 years redward 
of t he instability strip and _10 8 years hotter than log T = 4 . 0. 
e 
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Nevertheless, on the basis of the comparison of the relative numbers of 
Cepheids in these two groups with the observed luminosity distribution, the 
hypothesis of a range in total mass on the zero-age horizontal branch to 
explain blue horizontal branches is more attractive than the hypothesis of 
a range in initial core mass. Mass loss on the second giant branch is 
sugge sted as a means of bringing the theory more into line with the 
obser vations. 
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CHAPTER 4 
DOUBLE-SHELL-SOURCE EVOLUTION AT 2 M 
-----------------------------------------------0 
ROBERT A. GINGOLD 
ABSTRACT 
A 2 M0 Population I star was evolved from the core helium-burning 
phase to the ninth strong helium shell flash. The intershell convective 
zone did not reach the hydrogen-containing layers, and thus no neutron 
production by the 13C (a,n) 16 0 reaction was possible. Mixing is unlikely 
to occur during later relaxation cycles. The temperatures are too low 
for neutron production by the 2 2 Ne (a , n ) 2S Mg reaction in the intershell 
convective zone. The convective envelope fails by a wide margin to 
reach regions containing processed material. The results indicate that 
there are difficulties with the suggestion that helium shell flashes 
explain the existence of low-mass stars having unusual surface abundances . 
I. INTRODUCTION 
It has been widely suggested that the synthesis of s -process 
elements and the bringing to the stellar surface of these and other heavy 
elements occurs as a result of thermal pulses in the helium-burning shell 
of double-shell-source stars. One scheme, the basis of which was origin-
ally suggested by Schwarzschild and Harm (1967) and Sanders (1967), 
. . 1 2 1 3 8+ 1 3 ) 1 6 lnvolves the release of neutrons by the chaln C( p , y ) N( V) C( a , n 0 
as a result of mixing between layers containing hydrogen and the inter-
shell convective zone that develops during strong helium shell flashes. 
Various mechanisms for achieving this and bringing the processed material 
to the stellar surface have been proposed (e . g. Ulrich and Scalo 1972; 
Scal.o and Ulrich 1973; Sackmann, Smith, and Despain 1974) . 
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These schemes have several drawbacks (Iben 1974), not least of 
whi c h is the question of the actual occurrence of mixing between the 
intershell convective zone and the hydrogen-containing layers. On the 
basis of the first 10 relaxation cycles computed for a 7 M0 Population I 
star, Iben (1974), proposes that an adequate supply o f neutrons in the 
intershell convective zone might be produced by the 22 Ne (a , n ) 25 Mg reac-
tion during more advanced relaxation cycles. Furthermore, he finds that 
the convective e nve l ope of the star reaches down to this region shortly 
after the cessation of convection during the tenth cycle , thus enabling 
the processed material to be mixed to the surface . By extrapolation to 
later relaxation cycles , a buildup of s -proce ss elements at the surface 
might be expected, and , depending on the envelope mass or the treatment 
of envelope convection , a carbon star could be formed. 
There is some debate as to the masses of various types of evolved 
stars with peculiar envelope abundances. Scalo and Ulrich (1973) present 
a summary of the evidence indicating a relatively high mass for such 
objects. On the other hand, the kinematical evidence of Eggen (1972a,b) 
suggests that the masses of the S, R, Ba II, and 90 percent of the N stars 
are in the range 1-3 M. Barbaro and Dallaporta (1974) and Dean (1972) 
o 
show that carbon stars may have a wide range of progenitor masses and 
present masses. In any case we can be sure that there are substantial 
numbers of evolved peculiar-abundance stars of about 2 M0 . The present 
paper investigates the likelihood of the production of such stars as the 
result of helium shell flashes. 
The earlier evolution of low-mass Population I stars has been 
investigated by Faulkner and Cannon (1973), who have c l early identified 
the c lump that appears at the base of the giant branch in intermediate 
and old open clusters with double-energy-source stars with masses ~ 2.25 M0 · 
These stars are burning heli um in the core and thus the c lump is the 
Popul lion I an,log of the horizontal branch. After th~ exhaustion 0 
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helium in the core , these stars may be expected to develop a thermally 
unstable helium-burning shell as has been found in Population I stars of 
mass greater than 2 . 25 M (Weigert 1966; Paczynski 1974; Iben 1974) and in 
o 
Populatio n II stars of smaller mass (e.g., Schwarzschild and Harm 1965; 
Sweigart 1973; Mengel 1973; Gingold 1974). The present paper gives an 
account of the evolution of a 2 M Population I star from the commencement 
o 
of core helium burning to the ninth major helium shell flash. 
II. INPUT PHYSICS AND MODEL PARAMETERS 
The input physics and evolutionary program used were the same 
as d scribed elsewhere (Gingold 1974, and references therein). The 
chemical composition gradient term wa s omitted from the c riterion for 
convective instability, and the effects of semiconvection were included 
during core helium burning (Robertson and Faulkner 1972). The 12 C(a ,y ) 16 0 
reac ion was included using reaction rates as given by Reeves (1964). 
The 14N(a , y ) 18 F (e +v ) 18 0 (a , y ) 22 Ne chain is not included. The hydrogen-
burning shell was advanced by the procedure outlined in Harm and 
Schwarzschild (1966) during the later quiescent double-sheIl-source 
evolution. For the intershell convection that arises during strong 
helium shell flashes, about 30 extra mesh points were included to treat 
the outer edge of the convective zone accurately. 
The initial model had an envelope helium abundance of Y = 0.3 
and a heavy-element abundance of Z = 0.02. The mass of the initial 
he lium-rich core was taken as 0.468 M . 
o 
III. RESULTS 
The evolution during core helium burning was similar to that 
described by Faulkner and Cannon (1973). The luminosity and effective 
t mperature of the star during this phase remained b e tween the limits 
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1.88 ~ log L/L ~ 2 . 35 and 3.62 ~ log T ~ 3.65 with the hydrogen-burning 
o e 
shell providing between 77 and 55 percent of the luminosity. The maxi-
mum extents of the convective core and the surrounding semiconvective 
zone were q 0.105 and q = 0.164 , respectively. The helium in the core 
was exhausted 1.08 x 10 8 years after the commencement of core helium 
burning. At this time the hydrogen shell was situated at q = 0 . 284 . 
After a period of readjustment during which the helium shell 
source ignited and the hydrogen shell source weakened , the star began to 
ascend the giant branch. The relative luminosity of the hydrogen shell 
then grew; and when log L / L reached about 0 . 6, the luminosity of the H He 
helium-burning shell began to oscillate. The first helium shell flash 
occurred 8.72 x 106 years after the exhaustion of helium in the core . 
Some of the basic properties of the star immediately prior to this 
event are given in table 1. This first helium shell flash was quite 
weak, with the maximum log L /L = 3 . 97. This produced only a very small He 0 
intershell convective zone. The second major helium shell flash cycle 
(whi ch began 37 , 000 years later) was more typical of the remaining relaxa-
tion cycles which all exhibited a minor helium shell flash following the 
major flash by between 1900 and 800 years. As was found in the case of a 
0.6 M Population II star (Gingold 1974), the strength of the helium shell 
o 
flashes increased , and the time between flashes within one cycle decreased , 
with successive c yc les. The luminosity of the helium shell at the peak 
of the ninth cycle was log L /L = 5.53. Properties of the star prior He 0 
to this flash are given in table 1. The behaviour of the surface and 
shell luminosities for the eighth cycle are illustrated in figure 1 . 
TABLE 1 
PROPERTIES OF STAR PRIOR TO CYCLES 1 AND 9 
Parameter Cycle 1 Cycle 9 
* 
t 
Time * 8.718 9.092 
Log L/L 3.613 3 . 833 
0 
Log T 3.513 3 .493 
e 
M /M } 
..... ·t·6OO 0.622 r 0 H shell t 
Log T 7.693 7.746 
M /M } 10 . 576 0.602 r 0 He shell t ...... 
Log T 8.158 8.143 
Log LH /L 2 . 607 2 . 203 
e 0 
Time in 10 6 years from exhaustion of cen-
tral helium. 
At shell centre defined by abundance be-
ing half of surface hydrogen and inter-
shell helium. 
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The relaxation cycle period for the later cycles was about 48,000 
years. The relationship between core mass and cycle length agree s with 
the results of Paczynski (1974). The hydrogen-burning shell advanced by 
about 0.01 M between major shell pulses. Since carbon burning in the 
o 
core will commence when the mass of the core reaches about 1.4 M , about 
o 
80 more relaxation c ycles c an be expected. However , it i s probable that 
substantial mass loss due to dynamical instability of the enve l ope will 
occur before then. 
During strong helium flashes an intershell convective zone 
containing about 0.016 M0 forms. The growth and decay of this zone with 
time during the eighth major helium flash is shown in figure 2. The 
lifetime of this zone was typically 150 years, during which time the zone 
was receding for about 75 years. This convective zone approached closer 
to the hydrogen-containing layers with successive cycles, the minimum 
separation depending strongly on the strength of the shell flash. The 
FIG. 1. - The variation of surface (dot dash line), hydrogen 
shell (dashed line), and helium shell (solid line) luminosities 
with time (from exhaustion of core helium) for the eighth relaxa-
tion cycle. The duration of the intershell convective zone is 
indicated by the bar at the lower edge. 
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FIG. 2. - position of the intershell convective zone, the 
inner edge of the convective envelope, and hydrogen shell, with 
time during the eighth major shell flash. The helium shell lum-
inosity is also shown. The pressure differentials between the 
indicated points at the time of minimum separation are given by 
the 6 log P values shown. 
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minimum separation of these zones during each cycle is illustrated by the 
lower curve of figure 3 . During the later flashes the minimum separation 
leveled off to ~ - 8 X 10-4 M. Note that the asymptotic appearance of 
<:) 
the curves is somewhat exaggerated by the inc lusion of the early weaker 
flashes. The pressure differential between the two zones falls off in a 
similar manner. During the last few cycles computed, 6 log P varied in 
the range 0.54-0.56. Thus no meaningful extrapolation of 6 log P to more 
advanced cycles can be made. Although some mixing by convect ive o ver-
shooting might occur if 6 log P we r e to fall to less than half this 
value, it is still doubtful that mixing between the hydrogen- containing 
laye rs and the intershell region will occur , unless more advanced flash 
cycles are substantially different from the later ones computed here. 
This is particularly true in view of Sweigart's (1974) finding that a 
small amount of mixing does not lead to more extensive mixing in a 0.7 Me 
star. 
During the eighth cycle the temperatures at the outer edge of 
the intershell convective zone and at the inner edge of the hydrogen s h e ll 
were 44 x 10 6K and 37 x 106 K, respec tively. These tempera tures are 
probably sufficiently high to drive the plume mixing me chanism of Ulrich 
and Scalo (1972) if the intershell convection was to reach the hydrogen-
containing laye rs in later cycles . However, the present computations 
indicate that no neutron production can be expected from the chain 
12 C (p , y ) 13 N ( S +V) 13 C (a , n ) 16 0 . 
Although the 14 N(a , y ) 18p ( S +V ) 18 0 (a , y ) 22 Ne chain was neglected 
in the present study , i i s c lear hat the t e mp raturcs an' high ('nough 
in the intershell convective zone to burn <.\] 1 he l"N pr-Oc!IlCl' ct I)y III( ' {'NO 
cycle to 22 Ne in the 'early part of the later flashes. I<xc(' pl for- 1.1" , 
early stages of the flash, the energy output of the heljum s hell, and 
other subsequent properties (includ ing the occurr nce of substantial mix-
ing) , are not seriously affected by the omission of these reactions. 
FIG. 3 . - The minimum separation of the outer edge of the 
intershell convective zone from the hydrogen containing layers 
(lower curve) and the minimum separation of the inner edge of 
the convective envelope from the outermost position previously 
reached by the intershell convection (upper curve) . 
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The intershell convective zone would sweep any 22 Ne produced 
downward to regions of higher temperature . The temperature at the base 
of t he intershell convective zone reaches an upper limit of 220 x 106 K 
during the later flashes computed . Using the approximation for the rate 
of neutron production by the 22 Ne (a , n ) 2S Mg reaction given by Iben (1974) , 
we can calculate a lifetime of about 3000 years for 22 Ne at this extreme 
position in the convective shell. Since the reaction rate is highly 
temperature dependent , the ma ss averaged lifetime over the convective 
shell is well in e xcess of the lifetime of the shell, and thus little 
neutron production is expected . 
As a result of the intershell convection the helium content of 
the intershell region was reduced to Y = 0.74 prior to the ninth relaxa-
tion cycle. 
The location of the inner edge of the convective envelope with 
time during the eighth major flash is illustra ed in figure 2 . In the 
presence of the intershell convective zone and the drop in energy output 
of the hydrogen shell , the convective envelope re cedes from the hydrogen 
shell. As the energy released by the helium shell flash moves outward, 
the zone of convective instability approaches the hydrogen shell again. 
However, in contrast to the 7 M star studied by Iben (1974), there was 
o 
no possibility of mixing processed material to the surface , since the 
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pressure differential between the innermost edge reached by the convective 
envelope and the inner edge of the hydrogen shell was ~ log P = 4.1 . 
Deeper e xc ursions during more advanced cycles are not e xpected , as the 
minimum separation approaches an asymptotic value of 6m = 1.3 x 10- 3 M 
o 
( se fig. 3). During the eighth cyc l e th temperature at the base of 
t he convective nv lope increases by 7 x 10sK over its quiescent value 
of abo u t 2 x 106K. 
IV. DISCUSSION 
From an analysis of the space motions of Ba II, R, and S stars 
Eggen (1972a ,b) concludes that these stars are members of the old disk 
population and thus have masses in the range 1-3 M. Using a different 
o 
approach , Barbaro and Dallaporta (197 4) have identified three categories 
of carbon stars over a large mas s range including a group of old disk 
stars of about 1 or 2 M. The results presented here indicate that such 
o 
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stars would not occur as the result of helium shell flashes in 2 M stars. 
o 
At l ower masses the position is similar. Schwarzschild and Harm (1967) 
have found some mixing betwee n the intershell region and hydrogen-contain-
ing layers with some resultant neutron production in aIM Population 
o 
II star. Howe ver , no satisfactory method of convecting processed 
material to the surface has been p r esented . The plume mixing model of 
Ulrich and Scalo (1972) cannot operate at 1 M because the temperature 
o 
at the base of the hydrogen shell is too low. 
The presence of stars with unusual surface abundances in 
globular cl u sters such as the CH stars in w Cen (Bell and Dickens 1974) 
raises the question of helium shell flashes causing surface abundance 
changes at lower masses, if we assume a mass of about 0.6 M to be 
o 
appropriate for stars in globular clusters. However, Gingold (1974) 
has found neither mixing of hydrogen with the intershell region nor major 
changes to the surface abundances in a 0.6 M PopUlation II star during 
o 
the 14 relaxation cycles the star undergoes before l eaving the asymptotic 
giant branc h. Sweigart, Mengel and Demarque (1974) have found negligible 
hydrogen mixing in a 0.51 M Population II star which is not massive 
o 
enough for the plume mixing process to operate and which moreover never 
reaches the giant branch during its post-horizontal-branch e volution. 
Thus over the range 0.5-2 M the proposition that helium shell 
o 
fla s he s cau s changes 0 the stellar surface abundances is doubtful within 
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the current theoretical framework . 
The situation at higher masses is brighter in view of the results 
of Iben (1974) . Iben points out that the changes in surface abundance 
that can occur due to helium shell flashes in a 7 M Population I star may , 
o 
with a suitable choice of parameters used in the treatment of envelope 
convection or by changing the envelope mass , produce carbon or s - process 
stars . These more massive stars may be identified with the N- type stars 
that are me mbers of the young disk population (with masses near 9 M0 ) 
discussed by Eggen (1972a , b) and more massive S stars if they do in fact 
exist as suggested by Scalo and Ulr i ch (1973). 
Finally, it is noted that the strength of a helium shell flash and 
thus the possib i lity of intershell mixing is directly related to the 
properties of the helium shell , particularly its density, prior to the 
onset of the instability. If the quiescent evo lution between active p hases 
is carried o ut with recourse to hydrogen s hell shifting methods , the star 
must b e given ample time to readjust before the next helium shell flash 
is followed . The fourth cycle of the present study wa s initially computed 
b efo r e the hydrogen shell had completed this readjustment. Recomputation 
of the quiescent evolution prior to the shell flash lead to the halving of 
the minimum separation of the intershell convective zone from the hydrogen-
containing layers during the flash . 
v . CONCLUSIONS 
During t he first nine relaxation cycles undergone by a 2 M0 
Population I star no mixing between the hydrogen - containing layers and the 
intershe ll region occurs. Furthermore, s uch mixing is unlikely to occur 
in more advanced cyc l es , so no n e utrons are expected to be produced from 
the 1 3C (a ,n) 1 6 0 reaction. Moreove r, the temperatures in the intershell 
convective zone are too low to permit significant numbers of neutrons t-o 
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be produced by the 22 Ne (a , n ) 25 Mg reaction during the short time 22 Ne is 
convected down to regions of high temperature . 
The convective enve lope fail s by a wide margin to reac h the highly 
processed layers of the hydrogen shell . 
These r esults suggest diffi c ulties with the idea that low-mass 
star s possessing unusual surface abundances are the result of convective 
mixing due to he lium s hell flashes. These con c lusions would need modifica-
tion if the properties of advanced cyc les are significantly different from 
those computed here. Nevertheless, the hypothesis of mixing in double-
shell-source stars giving rise to the stars of peculiar surface abundance 
is an attractive one , and perhaps a c loser e xamination of the relevant 
physi c al proce sses during shell flashes is in order . 
The calculations were performed on the Australian National 
Unive rsity's Univac 1108 computer. The author is grateful for the support 
of a Commonwealth Pos t-Graduate Award. 
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CHAPTER 5 
THERMAL PULSES IN HELIUM SHELL-BURNING STARS . III. 
R. A. GINGOLD and D. J. FAULKNER 
ABSTRACT 
The thermal and pulsational stability of a 0.7 M pre-white-dwarf 
o 
hel ium shell-burning star previously evolved by Wood and Faulkner has 
b een examined and the nature of the instability found by them is con-
firmed. The peak nuclear burning produces pulsational instability in the 
star but the e -folding time is comparable with the duration of the 
instability. 
The effects of thermal imbalance have not been included in the 
pulsational-stability analysis. 
I. INTRODUCTION 
In the second paper of this series, Wood and Faulkner (1973, 
hereinafter termed WF) examined the shell-burning evolution of pure 
helium stars in the mass range 0.5 M - 0.9 M. When neutrino losses 
o 0 
were included the models of 0.8 M or less underwent a single thermal 
o 
pulse before b e coming white dwarfs. The nature of this thermal ins tab-
ility is different from that found for double-sheIl-source models in 
that relaxation oscillations do not occur. It was found by WF that a 
single pulse enabled the stars to regain thermal stability prior to 
quiescent evolution into the white-dwarf region. 
This is at variance with the results of Rose (1966, 1967), who 
found repeated relaxation oscillations in pure heli um shell-burning 
stars of 0.53 M and 0.75 M. Rose ' s models become thermally unstable 
o 0 
for qshell 0 . 65 and qshell ~ 0.85, respectively. On the other hand, 
WF found the 0.5 Me and 0.7 Me stars stable up to qshell ~ 0 .90 and 
qshell ~ 0.98 . Their 0 . 9 M model was found to be thermally stable e 
throughout its evolution. When neutrino losses were excluded only the 
0 . 7 Me star underwent a thermal pulse. It should be noted that Rose 
used the thin-shell approximation in his treatment of the helium-
burning shell. 
In vie w of the above-mentioned differences it was conside red 
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wo rthwhile to apply the usual the rmal-stability test (Schwarzschild and 
Ha rm 1965) to the 0.7 M sequence computed by WF. The test was also 
e 
applied to the 0.9 M star. 
e 
Rose (1967) examined the pulsational stability of his 0 . 75 Me 
s quence (not inc luding neutrino losses) using a linear quasi- adiabatic 
analysis. He found that during thermal flashes of sufficient violence , 
nuclear driving caused the star to become pulsationally unstable, 
sometimes for many e -fo lding times. Recently Marshall and Van Horn 
(1973) have carried out a similar analyses on a pre-white-dwarf 12C 
shell-burn i ng sequence. These models were found to be pulsationally 
stable even during times of maximum nu c lear burning. 
The pulsational properties of the 0.7 ~1 sequence of WF have 
e 
been examined in detail during the thermal pulse. It should be 
emphasized that the effects of thermal imbalance (Cox, Hansen , and 
Davey 1973) which might be appreciable in the present case have not 
been considered. 
In §II the 0 . 7 M evolutionary sequence is described . Section 
e 
III describes the thermal-stability analysis and in §IV the pulsational 
stability of the star is discussed. 
II. THE 0.7 M SEQUENCE 
o 
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The evolution of the 0.7 M star computed by WF has been recom-
o 
puted using more recent opacity tables (Cox and Stewart 1970), corres-
ponding to a lower heavy-metal abundance (Z = 0.02 compared with 
Z = 0.044). All other physics was the same as described by Faulkner 
and Wood (1972) and Faulkner (1968). The helium-burning shell was 
treated in detail. 
The evolutionary tracks of the two sequences in the H-R diagram 
are shown in figure 1. The general nature of the evolution is the same 
in both cases , the lower opacities used in the present models causing 
the track to resemble more closely that of WF at 0 . 5 M
0
. 
The shell flash in the present sequence occurred at a slightly 
smaller mass fraction in the core than that found by WF. The present 
envelope is thus more massive and is able to absorb more of the energy 
produced by the shell which results in the longer loop 8' - C' in 
figure 1. The peak nuclear energy generation of the present flash is 
an order of magnitude higher. 
Structural details of selected models are presented in table 1. 
The bulk of the neutrino flux comes from the central regions except 
during t he t hermal pulse. 
III. THER~L STABILITY 
The Stromlo stellar-interiors program has been modified to allow 
the thermal stability of models to be tested as described by Schwarzschild 
and Harm (1965). The 0.9 M sequence of WF has been examined for 
o 
thermal instabilities in the critical region as judged from the 
instabilities of the less-massive models. It is found to be stable in 
accordance with the results of WF who followed the evolution with time 
!01ode1 Age R 
So (years) QY=0.5 (109 em) 
1 0 0.9757 1.78 
2 6200 0.9758 1. 76 
J 10000 0 .9759 1. 79 
4 11000 0.9760 1.8J 
5 11J12 0.9760 1.84 
6 11JJ5 0.9761 1.85 
7 11J55.4 0.9761 1.88 
8 11J62.6 0.9761 1.96 
9 11J64.5 0.9762 2.05 
10 11J65.6 0.9764 2.17 
11 11)66.7 0.9766 2·51 
12 11)67.0 0.9766 2.60 
IJ 11)68.0 0 .9767 ).05 
14 11)69.2 0.9767 ).46 
15 11370.7 0.9767 J.89 
16 11)71.5 0.9767 4.10 
17 11)86 0 .9767 6.06 
18 11411 0 .9767 7.94 
19 1159) 0.9767 1).60 
20 12)18 0 .977) 7.8) 
TABLE 1 
STRUCTURAL DETAILS OF 0.7 10 SEQUENCE 
log Te log L/ L0 log LJclL0 log L . /Lc;: 
5.1461 2.J406 1.80 2.J10 
5.1500 2.J541 1.99 2.JOJ 
5.1598 2.4077 2.4J 2.294 
5.1611 2.4J20 J.J5 2.290 
5.1604 2 .4J18 J.66 2.289 
5.1574 2.4257 J.94 2.294 
5.1510 2.41J6 4.55 2.292 
5.1278 2.J550 5.J8 2.284 
5. 0997 2.2818 5.75 2.256 
5. 0 582 2.1711 6.07 2.250 
5.0010 2 .015) 6.25 2. 2 J6 
4.9)65 1. 8)66 6.24 2.2)4 
4.8267 1.5)67 6.25 2.261 
4.8525 1.7506 5.79 2. 271 
4.9809 2.)6)8 5.65 2. 2 50 
5.0252 2.5895 5.47 2. 2 58 
5.1766 J·5101 4.69 2. 2 57 
5.1789 ).7770 4.24 2. 2 55 
5.1J5) 4.0691 )·91 2 . 2 54 
5.2174 ).9185 ).84 2. 249 
log (Ja max q ( Ja max 
4 .J02 0.9760 
4 .524 . 0.9766 
5.021 0 .977J 
6 . 095 0 .977J 
6.J 4J 0 ·977J 
7.001 0.9774 
7.652 0.9768 
8.490 0.9766 
8.828 0 .9767 
9.151 0. 9 767 
9. ) 25 0 . 9 7 67 
9 .)46 0 .9767 
9 . 2 19 0 . 9768 
9 . 0 19 0 .9769 
8. 795 0 . 9 76 9 
8 . 6 97 0 . 9769 
7 .8)9 0 . 9772 
7.28) 0 .9772 
6 . 7 55 0 . 97 73 
6 .506 0 . 97 75 
r / R( JCL max 
0. 597 
0. 596 
0 .587 
0 .581 
0 .580 
0 .579 
0 . 57 0 
0 . 552 
0 . 5) 5 
0 . 508 
0 . 448 
0 . 4)6 
o. )77 
0 . ))7 
0 . )G 5 
0 . 29 1 
0.208 
0. 16 1 
0 . 09) 
0 .16 8 
...... 
...... 
-..J 
FIG. 1. - Evolutionary tracks in the H-R diagram for the 0 . 7 
M helium shell- burning star computed by Wood and Faulkner 
o 
(dashed track) and the same evolution recomputed in the present 
paper. The stages of the flash indicated by letters are 
described in Wood and Faulkner (197 3) . Filled circles and 
numerals indicate models of tables 1 and 2 . The crossha chcd 
area indicates the location of planetary-nebula nuclei in th' 
composite diagram of O' Dell (1968). 
ll8 
3-0 
5-5 Log Te 
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steps short compared with the local Kelvin time scale of the helium-
burning shell. 
The 0.7 M star was tested for thermal stability throughout its 
o 
evolution and found to be stable until point A' of figure 1 was reached. 
This point corresponds to the point A at which WF found that the 
thermal pulse began. A thermal instability (with an e -folding time of 
60,000 years) was first detected at an epoch 330 years before the first 
entry in table 1. The instability reached a peak by model 9 of table 2 
with an e -folding time of 3 years. The Kelvin time of the shell , 
computed using the approximation TK 3 2 P/( PE3a ) evaluated at the point 
of maximum nuclear energy production, is given for comparison in table 
2. It falls below the e -folding time Tthe rmal at the height of the 
flash because of the sharply peaked nature of E3a in the shell. The 
star becomes thermally stable by model 17 and remains so as the star's 
nuclear energy production dies away and it enters the white-dwarf region. 
IV. PULSATIONAL STABILITY OF THE 0.7 M STAR o 
The linearized theory of adiabatic radial pulsations (see, e.g., 
Cox and Guili 1968) has been used to determine the pulsational stability 
of the 0.7 M star during the thermal flash. The real adiabatic eigen-
o 
functions (6 r/r, 6p/p) and period of pulsation of the star (P ) were 
o 
determined at various stages throughout the evolution. These are then 
used to evaluate the usual stability integral 
C 
-
CN + C 
(1) 
r L 
where ) CN (f 3 - 1) 6p 6EdM p r 
M 
CL - ~ ( f 3 - 1) 6p d6L dM P dM r 
r 
M 
TAnLE 2 
PULS ATI ()~AL A...·W TH ERMAL PROPERTI ES 
' therma 1 ' K P J Model Age 0 Q. S ( s he 11 ) 
No (years) ( years) (years ) (se c) (ergs) 
1 0 2 20000 19000 16 .7 6 1. 0 6 1.6(48) 0 . 207 
2 6200 9 000 11 000 16 .64 1. 0 6 1.5 48 ) 0 . 20 1 
') 1000 0 1300 38 00 16.70 1. 0 ) 1. 2 48 ) 0 .17 6 
4 11000 80 ')50 16 .90 1. 0 1 8.1 47) 0 .158 
5 11 )12 20 1 16.95 1. 0 1 8. 0 47 ) 0 .149 
6 11))5 )4 48 17. 0 9 1. 0 1 7.1 47 ~ 0 .145 
7 11)55.4 11 12 17. )4 1. 0 1 6.1 47 0 .1 ) 2 
8 11)62.6 2.8 2 18.24 1. 0 1 4.1 47 ) 0 .10 4 
9 11)64.5 20 0 .9 19.64 1. 0 1 ). 1 47~ 0 . 085 
10 11)65.6 86 0.5 22.05 1. 0 ) 2 . 6 47 0 .068 
11 11)66.7 100 0 .4 26.)2 1. 0 9 2 .1 
47 ~ 0 . 0 49 12 11)67.0 0.4 ) 1. 2') 1.11 2. 0 47 0 .046 
1) 11)68.0 140 0 ·5 41.79 1.17 1.6 47 0 . 0 ')5 
14 11)69.2 10 4 0 .8 51.1) 1. 2 4 1. 0 47 ) 0 . 02 7 
15 11)70.7 8 0 1. 2 59.)4 1.17 7.6 46 ~ 0 . 02 ) 
16 11171.5 10000 1.7 6 ).40 '1.14 6 .2 46 0 . 0 21 
17 11,)86 stable 7.9 98.96 1. 0 1 4.9 45~ 0 . 00 5 18 11411 stable )7 142 .8 0 .95 8.8 44 0 . 00 1 
19 1159) stable 10 ) 
20 12)')8 stable . 1)8.9 4.1(44) (l . 1 (-4) 177 0 .95 
eN/ L - C L/ L 
4. 12 57. 2 
5 .95 55. 0 
10 . 7 60 .9 
60 . 0 55. 2 
118 59.7 
2 10 54.) 
75 2 6 9.9 
411 2 74. 0 
91'37 5 ) . 0 
18150 ') 1.4 
2) 7 00 44.5 
11400 50 .1 
22 9 00 29.8 
)000 18.7 
498 20 .5 
162 28 . 6 
() . 1,-:' 2 4. 7 
0 . 00 1 29.8 
(\ . (, (_ '1) 26 . 6 
, 
pul sa ti o na l 
(ye a r s) 
- 22 70 
- 22 40 
-1450 
+1 0 150 
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and E represents the rate of nuclear energy generation minus neutrino 
losses. The integral is terminated in the "transition region" (Cox and 
Guili 1968) where nonadiabatic effects become important. In the 
present models there is very little mass above this region and so the 
approximation is amply justified. The K and r mechanisms of producing 
pulsational instability will be unimportant because o f the high surface 
t mperatures of the models. 
The star is pulsationally unstable (stable) if C > 0 (C < 0) , 
r r 
the growth rate (damping rate) being given by T pulsational 
where 
J 
2 
r dM 
r 
2J/C 
r 
(2) 
The results are presented in table 2. The contribution from the 
energy-generation (minus neutrino l osses ) term is given under CN/L and 
the damping by CL/L to allow comparison with the work of Marshall and 
Va n Horn (1973). 
Variations in the convective flux were ignored in computing CL. 
Owing to the present difference scheme employed by the Stromlo stellar-
interiors program some difficulty was encountered with the computation 
of dOL/dM and thus the resultant damping times may be in error by a 
r 
factor of 2 . However, since the energy-generation term clearly becomes 
dominant at the peak of the thermal pulse this does not affect the 
conclusions of this paper. To within the accuracy indicated the damping 
integrals agree with the results of Marshall and Van Horn. 
Also given in table 2 is the dimensionless pulsation constant 
Q* = P ( G<P» ~ Jefined by Van Horn, Richardson, and Hausen (1972). 
o 
[The usual pulsation constant Q = P <p>/<p »~ = 0.0378 Q* .) It s hould 
o 0 
b noted that although the neutrino losses in the shell are relatively 
high during the thermal flash compared with their quiescent level, they 
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are then very small compared with €3a and so do not significantly decrease 
From table 2 it can be seen that the star is pulsationally unstable 
at the height of the thermal flash. The pulsational e -folding times are 
then as short as 17 months. However, the star remains unstable for only 
one or two e - folding times. This is insufficiently long for the star to 
suffer any appreciable pulsation, even if the rapid evolutionary increase 
-1 in radius (20 em s ) is regarded as an initial perturbation. 
In figure 2 the radial eigenfunction ~ = 6r/r is plotted for 
models before, during, and after the height of the instability . The 
arrows mark the positions of the point of maximum nuclear energy produc-
tion in the shell for each model. As the thermal flash proceeds and the 
star's envelope expands, the nuclear driving region falls deeper into 
t he star and the amplitude of the radial eigenfunction falls off more 
quickly. This lessens the effect of the large increase of €3a on the 
integral eN' 
Thus the thermal instability, though it causes the rise in €3a 
necessary for pulsational instability, also changes the structure of the 
star's envelope so that the growth of the pulsational instability is 
checked. Rose (1967) found a 0.53 M0 model undergoing a t he rmal 
instability similarly unstable for only one pulsational e -folding time. 
However, his 0.75 M model was unstable for 15 e-folding times during a 
o 
flash over an order of magnitude more violent than the present one. 
V. CONCLUSION 
Although the single thermal pulse found by Wood and Faulkner in 
low-mass helium shell-burning stars is unusual in that it occurs in a 
decaying shell source and does not lead to relaxation oscillations , it 
FIG . 2. _ Radial adiabatic eigenfunctions for models before 
(No.3), during (No. 11), and after (No. 17), the height of the 
thermal instability of a 0.7 M helium shell-burning star. The 
o 
arrows mark the position of peak nuclear burning in the shell 
for each model. 
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apparently represents a similar physical phenomenon. The divergence with 
the results of Rose (1966, 1967) is probably due to his use of the thin-
shell approximation and the consequent occurrence of the instability at 
an earlier evolutionary stage. 
Neglecting the effects of thermal imbalance in the stability 
analysis, it is found that a star of 0 .7 M undergoing such a single thermal 
o 
pulse is only marginally pulsationally unstable, in the sense that it is 
unstable only f o r a time of the order of the e -fo lding time of the 
instability. Since the addition of even a small layer of hydrogen-rich 
material to the surface of the star will decrease ~ (shell), such a star 
would be pulsationally stable throughout the flash. Continual accretion 
of hydrogen-rich material can of course lead to the ignition of the 
hydrogen whi ch then drive s an instability in the envelope as found by 
Rose (1968). 
We would like to thank P. R. Wood for helpful discussions. 
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ADDENDUM TO CHAPTER 5 
Cox (1974) has examined the effects of thermal imbalance on the 
pulsational stability of Model 11 (at the peak of the thermal instability) 
and found its e ffect , although non-negligible, c ontributes only 25 % of 
the effect of nuclear reactions to the stability coefficient. The 
qualitative conc lusions of the Chapte r are thus unaltere d. 
Refe rence: 
Cox, J . P. 1974 , Ap . J . (Letter s) , 192, L85. 
SUHMARY 
Several aspects of the advanced helium-burning evolution of low 
mass stars have been investigated in this thesis. 
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Several grids of evolutionary tracks from the zero-age horizontal 
branch have been constructed in order to examine more closely the sugges-
tion that the longer period Population II variables are in this evolution-
ary phase . Three major grids were constructed; two of differing envelope 
hel ium content in which the total mass was varied whilst the initial core 
mas s on the zero-age horizontal branch remained constant, and one in 
which the total mass was held fixed and the initial core mass was varied. 
It is suggested that the shorter period group of Population II Cepheids 
(BL Her stars) do not represent stars moving redwards after exhausting 
helium at their centres , but are stars undergoing "blueward noses" into 
the instability strip from the asymptotic-giant branch in response to 
readjustments between the shell sources during the ignition of the 
helium-burning shell. Unless a star still possesses a semiconvective 
zone when first passing redwards through the instability strip as helium 
approaches exhaustion at the centre, it will do so on a timescale that is 
short compared with other relevant timescales. 
Second giant-branch stars will only leave the giant branch in 
response to helium shell flashes if their envelope mass is sufficiently 
small. The more luminous Population II Cepheids (W Vir stars) and RV 
Tauri-type stars are identified with stars undergoing blueward loops into 
the instability strip from the second-giant branch in response to 
advanced helium shell flashes or stars finally evolving to the blue as 
the hydrogen-burning shell nears the surface. The luminosity of these 
crossings of the instability strip is directly related to the stellar 
ma ss . 
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A quantative comparison between the relative numbers of variables 
predicted and observed in the two luminosity groups, however, reveals a 
relative shortage in the number o f the longer period variables predicted 
by theory. This conflict may be resolved by invoking signific ant mass 
los s on the sec ond giant branch. Alternatively the conflic t might arise 
because of uncertainties in the treatment of semiconve c tion. 
It was hoped that this study, by examining post-horizontal branch 
evolution, would help resolve the problem of the blueward extent of the 
horizontal branch and in particular distinguish between the hypotheses 
of a range in total mass or a range in initial core mass on the zero-age 
horizontal branc h. Unfortunately, although the results indicate that 
the hypothesis of a range in total mass is somewhat favoured, no firm 
c onc lusion can be drawn. 
The advanc ed pos t-horizontal branch evolution of a 0.6 M Popula-
<:> 
tion II star has been followed in detail through all of its r e laxation 
cyc les on the second giant branch and into the region of the HR diagram 
occupied by the nuclei of planetary nebulae . During the 14 relaxation 
oscillation cycles undergone by this star, no mixing of hydrogen into 
helium burning regions was encountered and thus n o n e utro n production via the 
13 C (a ,n) 160 reaction can be expec ted. Since the minimum separation of the 
hydrogen-containing layers from the intershell convective zone during 
shell flashes fell below a pressure scale height, however, it might be 
possible that convective overshooting could lead to some mixing. The 
temperatures were too low at the base of the intershell convective zone 
for significant neutron production via the 22 Ne (a ,n) 25 Mg reaction. 
Following eac h major shell flash, however, the convective envelope deep-
ened causing some mixing between the outer layers of the hydrogen-burning 
shell and the surface. Over the entire second giant branch evolution 
this lead to the surface abundan c e of 14N being increased by a factor of 
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1.6 over its initial value and to a considerable decrease in the 1 2C/13C 
ratio. 
Similarly, during the early relaxation oscillations of a 2 M0 
Population I double-shell-source star it was found that no neutron produc-
tion can be expected. In view of the tendency of the minimum separation 
between the hydrogen-containing layers and the intershell convective zone 
to approach an asymptotic value, it is concluded that no mixing of 
protons into the helium burning regions is likely during more advanced 
cycles. Further, because of the very large pressure differential between 
the inner edge of the convective envelope and the hydrogen-burning shell 
it is also unlikely that mixing down through the hydrogen-burning shell 
would occur, particularly since the minimum separation of these zones 
also approaches an asymptotj c value. The possibility remains, however, 
that during much more advanced cycles, when the core mass is considerably 
larger and the star more luminous that these conc lusions might be invalid. 
An interesting "contest " might arise in this case , since 
significant mass loss might occur when the stellar luminosity rises above 
a (c urrently) unknown value, thus ending the star's existence as a red 
giant. This mayor may not occur (through either shell flashes or 
quiescent evolution ) before the possibility of producing a star with 
peculiar surface abundances arises. Bearing in mind the luminosity-core 
mass relationship, the outcome might well be decided by the total stellar 
mass, since both the luminosity at which the star might undergo mass loss, 
and the production of significant enhancements of the abundances of 
unusual elements, are almost certainly functions of total mass. 
Although the results of this thesis indicate that there must be 
some doubt about the hypothesis that peculiar surface abundances in low 
mass stars is due to convective mixing arising from helium shell flashes, 
there remains considerable uncertainty in this conclusion. The hypothesis 
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is still very attractive and a review of the relevant input physics and/ 
or the computation of more advanced relaxation cycles for a variety of 
masses may yield further information. 
A study of the thermal and pulsational stability of a 0.7 M 
o 
helium star (representing the post-ejection phase of a planetary nebula 
nuc lei) reveals that such a star is only marginally pulsationaly unstable 
during the single thermal pulse undergone as the helium-burning-shell 
source begins to decay. In view of the difficulties encountered by such 
a model in explaining nova outbursts, the alternative picture of the 
ac c retion of hydrogen-rich material onto a white dwarf is far more 
appealing. 
Since the addition of even a small hydrogen-rich layer to stars 
with pure helium envelopes drastically increases their pulsational 
stability , it would require very powerful helium shell flashes to eject 
a planetary nebula from a red giant directly through nuclear driven 
pulsational i ns t ability . It wou l d s e em like l y , howeve r, that he lium s hell 
flashes may trigger hydrodynamical events in the extended envelopes of 
second giant branch stars that could lead to the ejection of planetary 
nebulae . 
